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Abstract

We give a self contained review of a recently developed strong coupling theory of magic-angle
graphene. An advantage of this approach is that a single formulation can capture both the
insulating and superconducting states, and with a few simplifying assumptions, can be treated
analytically. We begin by reviewing the electronic structure of magic angle graphene’s flat bands,
in a limit that exposes their peculiar band topology and geometry. We highlight how similarities
between the flat bands and the lowest Landau level give insight into the effect of interactions. For
example, at certain fractional fillings, we note the promise for realizing fractional Chern states.
At integer fillings, this approach points to flavor ordered insulators, which can be captured by a
sigma-model in its ordered phase. Unexpectedly, topological textures of the sigma model carry
electric charge which allows us to extend the same theory to describe the doped phases away
from integer filling. We show how this approach can lead to superconductivity on disordering
the sigma model, and estimate the T, for the superconductor. We highlight the important
role played by an effective super-exchange coupling both in pairing and in setting the effective
mass of Cooper pairs. Seeking to enhance this coupling helps predict new superconducting
platforms, including the recently discovered alternating twist trilayer platform. We also contrast
our proposal from strong coupling theories for other superconductors.

0 Introduction

In early 2018, the experimental discovery of a host of novel phenomena in twisted bilayer
graphene (TBG) took the physics world by storm [1, 2]. New insulating states induced by
electron-electron interactions, as well as robust superconducting states were discovered. These
experiments built on earlier work [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] that pointed to the exis-
tence of exceptionally narrow and isolated bands arising from the moire pattern obtained on
twisting the two graphene sheets close to a ‘magic angle’, i.e. magic angle TBG (MATBG).
The condensed matter community had perhaps not witnessed such a tectonic shift since the
experimental discovery of high temperature superconductivity, more than three decades earlier.

There were other parallels between the two discoveries. Although MATBG with a super-
conducting transition temperature of a few Kelvin may seem like an unlikely candidate for the
title of a high T, superconductor, a proper comparison of scales is required. At the magic angle
of 1.1 degree (# 1/50th of a radian), many relevant scales - from the lattice spacing to the size
of the Coulomb interaction - are scaled by this small angle. Thus, a better comparison with
the cuprates or other correlated solids, is obtained by scaling T, by the small angle (expressed



in radian) T./6, which yields values consistent with the high 7T, family. Additionally, in both
cases, interacting insulating states and superconductors appear in conjunction in typical phase
diagrams and strange metal transport has been reported on raising temperature (see eg. ref [14]
for a review).

At the same time, there are several important distinctions. A principle distinction that will
be emphasized here is the nontrivial quantum band geometry of the flat bands of MATBG.
This is a special feature arising from graphene’s Dirac electrons. On the experimental side, the
most striking manifestation of this feature is the emergence of spontaneous integer quantum
Hall states (anomalous quantum Hall) under certain conditions in twisted bilayer systems. This
remarkable unification of quantum Hall and high Tc superconductivity in a single experimental
platform, points to this underlying unique feature of TBG.

In 1987, shortly after the discovery of the cuprate high temperature superconductors, An-
derson [15] published a short paper ”The Resonating Valence Bond (RVB) Theory of Supercon-
ductivity” where he outlined the foundations of a theoretical program for the cuprates. Along
with several other key ideas, it was proposed that (i) the underlying model was the Hubbard
Model with hopping ¢ and onsite Coulomb repulsion U that would give rise to local magnetic
moments with an antiferromagnetic coupling J ~ t?/U (super-exchange) between them and (ii)
the seeds of superconductivity were already contained in the insulator and charge doping simply
released the singlets created by the superexchange, which then condensed into the supercon-
ducting state. Consequently, at low doping the superconducting T, was predicted to be limited
by phase fluctuations. Notwithstanding the fact that later experiments have painted a rich and
complex picture of the cuprates, these seminal ideas made a deep impression that lasts to this
day.

Translating this program into one that applies to MATBG, immediately runs into problems.
As was noticed starting very early on [16, 17, 18, 19], writing down a tight binding model that
captures the flat bands alone, while preserving all relevant symmetries, runs into a topological
obstruction. One must ether give up on some symmetries, such as the 180 degree rotation
symmetry Ca, or conservation of valley charge (valley U(1)) [20] or augment the model with
additional bands [21, 16, 17]. Note, preserving these symmetries is not simply a technical nicety
- they are the precise symmetries responsible for the band touching of the two bands of magic
angle graphene. What then plays the role of the underlying physical model, analogous to the
Hubbard model employed for the cuprates?

In the first section of this review we outline an approach to studying the single particle
eigenstates directly in momentum space and advocating for a choice of basis that will make the
subsequent discussion, on including interaction effects, natural. This is made explicit by tuning
to a particular ‘chiral limit’, where the model has remarkably simple features. In fact on tuning
angle, perfectly flat bands are obtained, and even the form of the single particle wavefunctions
in this limit can be derived (almost entirely) from analytic arguments[22]. A close analogy
to quantum Hall wavefunctions is pointed out; this model has several attractive mathematical
features that remain to be fully understood [23, 24, 25, 26, 27]. The central observation here
is that one can make linear combination of bands that are simulataneously both sublattice
polarized and carry unit Chern number. This property holds even away from the chiral limit
and forms the starting point for a strong coupling theory of integer filling in Section 2.

The strong coupling theory, when applied to integer fillings, predicts insulating states which
can be thought of as generalized flavor ferromagnets. In all, there are eight nearly flat bands.
A fourfold degeneracy is attributed to spin and valley. In addition a further twofold band
degeneracy is present, corresponding roughly to the two sublattices of graphene. We show how
in an idealized limit a flavor ferromagnet is predicted, and a large emergent symmetry relates
various flavor orders. On moving away from the ideal limit, , various anisotropies emerge that
select a subset of flavor ordered ground states. The ground state is thus a relatively conventional
state, well approximated by Hartree Fock wavefunctions, and is to be contrasted with the exotic
insulator proposed by Anderson for the cuprates, an RVB quantum spin liquid [15]. However,
in one respect they do fit within the Anderson viewpoint. Somewhat to our surprise [28], it was
found that doping the insulators did not require adding any additional charge degrees of freedom.



Instead, charge excitations in the form of skyrmions were already present in the model. Further,
it was realized that in certain cases these were nothing but Cooper pairs which can condense,
leading to an all electronic mechanism for superconductivity. The transition temperature for
this mechanism is calculated in a simplified limit and the results are broadly in agreement with
experimental data in the low doping limit. Numerical DMRG simulations that capture essential
features of this model reveal that indeed the presence of low energy skyrmion excitations near
integer filling is closely tied to the appearance of superconductivity at finite doping [29]. This
is the subject of Section 3. In addition to this detailed mechanism, a more basic feature is
the presence of a superexchange interaction between opposite Chern sectors, which plays an
important role in pairing.

Let us further contrast the mechanism outlined above with the RVB idea, by placing both
in a broader context. We note that in the modern parlance the RVB state has topological
order and fractionalization in the precise sense that it has emergent excitations with unusual
statistics and quantum numbers. This obviously goes beyond the idea of classical Landau
order parameters. In contrast the insulators we propose for TBG are flavor ordered phases,
without fractionalization. However, thanks to the nontrivial bands of magic angle graphene,
these orders are not entirely classical - for instance topological textures such as skyrmions carry
electric charge. Such spontaneous symmetry breaking in topological bands have previously
been discussed in relation to superconductivity [30, 31], however a microscopic realization of
the relevant type of insulator itself has proved elusive. Here we explain how the flavor ordered
states of MATBG at even integer filling fulfill these requirements.

Naturally, predictions for new platforms for superconductivity should emerge from a deeper
understanding of the physical mechanism. For cuprate superconductors, once key ingredients
were identified, a class of nickelate materials were deemed promising analogs and have recently
been fabricated and shown to exhibit superconductivity [32]. In the strong coupling approach
to MATBG described here, the principle goal is to enhance a superexchange coupling J, which
in the typical settings of graphene moire systems is related to Cy symmetric structures. While
there is already a vast library of graphene based moire materials, MATBG is one of the few
that exhibits this symmetry. Alignment with a substrate of hBN for example leads to symmetry
lowering. A rare class of structures which have all the requisite ingredients for the strong
coupling mechanism described above are the alternating twist multilayers [33]. This is the
subject of Section 4, including both trilayer and tetralayer, the first of which were recently
reported in experiment to possess robust superconductivity.

1 Single Particle Electronic Structure

In this section we describe how to go from two decoupled graphene sheets to the topological
flat bands of twisted bilayer graphene. We start from the low energy graphene Dirac cones
in each layer and couple them through tunneling between layers. This tunneling has a moiré
periodicity that is reflected in the twisted bilayer graphene band structure. Finally, we describe
a ”chiral” limit where tunneling at AA stacking sites is neglected. In this limit we find that the
wavefunctions are very similar to those of the lowest Landau level (LLL). This structure of the
wavefunctions has implications for the possibility of fractional Chern insulating (FCI) states in
twisted bilayer graphene. It also sets the stage for treating interactions at integer filling.

To set notation, let us begin with the electronic structure of graphene. It consists of two bands
that cross at two Dirac cones at the K and K’ points in the Brillouin zone (BZ). There is one
electron per unit cell, and so accounting for spin we should fill up the bottom band. The low
energy dispersion thus consists of the Dirac cones

H=vp (p£0x®7'0+pyay®7'z) (1)



where o,. = 1 corresponds to the A, B sublattices of graphene and 7, = +1 corresponds
to the K, K’ valleys of graphene.

Now consider the twisted bilayer in the continuum limit, focusing on a single valley; we will
derive the Bistritzer-Macdonald (BM) Hamiltonian [8]. We can write the Hamiltonian in the
two layers as:

Hyv Hup
He = |:HDU HDD] @)

We begin with independent layers and then couple them together. The Up and Down layer
Dirac Hamiltonians are:

Hyu =vp(—iV = KY) - 095

: (3)
HDD = vF(—zV — KD) . 0’_9/2

where we have taken into account the shift of the Dirac points and the Pauli matrices due to
. - 0 . 0 . .
rotation so that o/ = €™ '17% (0, oy)et"3%. We now couple the Dirac points together by

interlayer hopping terms Hpy = H;r] p Where :

Hyp = To(’l")ao + TAB(’I”)0+ + TBA(’I“)(T_ (4)

Let us now derive the form of the tunneling matrix elements - for better intuition first consider
very local tunneling (i.e. electrons tunnel only when the atoms of the two layers occlude each
other). We then need to consider three cases, where (i) the atoms of both sublattices are on top
of each other, the so called AA or equivalently the BB regions which form a triangular lattice,
see Figure 1; (ii) where the A atoms of the lower layer align with the B atoms of the upper layer
(AB regions), they form one sublattice of a honeycomb lattice on the moire scale; and finally
(iii) the BA regions, where B atoms of the lower layer align with the A atoms of the upper layer
and form the other sublattice of the honeycomb lattice on the moire scale.

Tunneling, say in the AA regions, could be represented as: Ty ~ > §(r — Ry) where the sum
runs over the triangular moire lattice sites locations. From the Poisson resummation formula this
can be equivalently written as > 0(r —Rn) = ﬁ > e i6mT where Ay is the area of the
moire unit cell and G, are the moire lattice reciprocal vectors. On the other hand the tunneling
matrix elements in the other regions acquire additional phase factors due to their displacement

from the unit cell centers. They are TAQ ~> 6(r —Ry—14) = ALM 3, €iCmTae=iGmT and
Tpa~),0(r—Ry—rp)= LM >, €' GmTre=GmT Iy reality, one has to take into account

a more general interlayer hopping T'(r) with Fourier components T(Gm). Since the interlayer
hopping depends on the 3D separation between atoms, and the separation between layers is more
than twice the intra-layer atomic separations, we expect the Fourier components to decrease
rapidly and we can keep the lowest order harmonics [34]. To obtain the tunneling strengths for
the lowest order harmonics we will appeal to rotation symmetry. Note the original choice of
KU/P for the Dirac points breaks rotation symmetry. To make rotation symmetry manifest, we
will move the Dirac points in both layers to the origin using the unitary transformation with
diagonal entries: W = eiKU"'7 ¢K”T This leads to the following transformed Hamiltonian:

H(/JU =vp(—iV)- 09/2 (5)

Hpp =vp(=iV) -0 g/

We define bg; = KY — KP = ky(0,—1), and the vectors related by 27 /3 rotations qy3 =
ko(£v/3/2,1/2). Then we can write the tunneling matrix elements as

H}p = wolUp(r)o +wiUap(r)o™ +w Upa(r)o™ (6)
Uo(T‘) — e—z’q1~r + e—iq2~r + e—’L'Q3‘I'
Uap(r) = e '™ 4 ¢TI | i pmias T (7)

—ign - 27 g 4T iQa-
UBA(T):ezq1r+ezgezq2r+ezgezqar
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The BM Hamiltonian has the translation symmetry
H(r+a2)=VH(r)V  V =diag(l,e ", 1,e7%?), (8)

where the moiré lattice vectors a; 2 and reciprocal lattice vectors by o are

47 V31 V3 3
= |+ = b o= — =k +—, - ]. 9
a2 3ka < D) 72> ) 1,2 =423~ q; 0 < D) 72> 9)

We will find it useful to sometimes use triangular lattice and reciprocal lattice coordinates

’I“-bi ki:k-ai

"= 2 2T

(10)
which satisfy » = r1a1 + reas and k = k1by + kobo.

The relative phase shift between the top and bottom layers under translations in (8) can
be understood from the misalignment of their graphene Brillouin zones due to the twist angle
#. In particular, momenta in the bottom layer are shifted by g, relative to the top layer which
generates the phase shift e?91°®1.2 = ¢~%® under translations. This is encoded in the form of the

Bloch states
ez'(l<:—I()~'r
orlr) = o) (s ) (1)
where K’ = K — q, is the moiré K’ point wavevector in terms of the moiré K point wavevector.
For zero tunneling, or large angles, the states at K (K”’) correspond to the top layer and bottom
graphene layer respectively.

Note, in the simplest approximation wy = w; ~ 110meV. However, later work [35, 21]
showed that inter layer relaxation, relaxation followed by intra-layer relaxation reduce the ratio
Kk = wo/w; from unity to k = 0.8 and further x = 0.75. This quantity will play an important
role and we will often treat it as a free parameter.

1.1 The Chiral Model: A simple limiting case

It will be particularly interesting to consider the chiral limit, where k = 0. As we show in this
section, in this limit, there exists an exactly flat zero energy flat band [22]. Furthermore, the
wavefunctions are very similar to those of the LLL; they have identical quantum geometry in a
sense that we will make precise. This result implies that we can expect chiral twisted bilayer
graphene to host fractional Chern insulator ground states, at least for a sufficiently short range
interaction potential [36].

We begin with the Bistritzer-Macdonald (BM) model discussed above

_ [—ivogy -V T(r)
= ( TTQ(/T) —i00 _g)3 - V) (12)

with o o
woUp (7 wi U1 (7
T =
(r) (wlUf(T) ono(T)) ’
Uy(r) = =™ 4 T | c=iau,
U, (r) —e T ePe—ig2r + efiqﬁefiq;;-r’

The vectors gq; are q; = kg(0,—1) and q, 5 = ko(+V/3/2,1/2) and ¢ = 27/3.

For the following discussion we choose units where v = kg = 1. We will also find it useful
to choose the origin of the moiré BZ to be the K point to simplify some later expressions, even
though the most symmetric choice is the I' point.

A very useful appproximation to the above Hamiltonian is to set x = 0, such that tunnelling
only occurs in AB regions. Realistically we expect k ~ 0.7 < 1 due to relaxation effects. While



decreasing it all the way to zero is a drastic approximation, we will find it useful to do so at
first and then examine the effects of going back to a realistic value of k later in these notes. The
model with x = 0 is known as the chiral model because it has the chiral symmetry o, Ho, = —H.
That is, given an eigenstate |¥) of H with energy F, one can generate an eigensate o,|¥), an
eigenstate with energy —F. Further, zero energy eigenstates can be chosen to be eigenstates of
02, i.e. they are sublattice polarized. Below, we will show the existence of special (magic) angles
where the entire band is at zero energy. As a consequence we can define a sublattice polarized
basis for these eigenstates. What is less obvious is that these sublattice polarized bands also
carry Chern number of one [22, 37], and in fact share many similarities, in ways that will be
made precise below, with the LLL[36].

The chiral symmmetry is especially useful at the magic angle; here we obtain ezxactly flat
bands at zero energy that are eigenstates of o.. Since we are interested in zero modes that are
eigenstates of o,, we rewrite the Hamiltonian by exchanging the second and third columns after
which o, = diag(1,1,—1,—-1) and

0 Df —2i0 aU;(r)
H= D= — 14
(D 0 ) (aUl(—r) —2i0 )’ (14)
with @ = wy; = wy/vky. Because {H,o.} = 0, zero energy solutions may be chosen to be

eigenstates of o,. We therefore search for solutions to the equation Dig(r) = 0 for each moiré
Bloch momentum k. The solutions when o, = —1 can be obtained using C57 symmetry:

Xu(r) = Y (=)

1.1.1 Zero Modes of Chiral Model:

When k = K, we are guaranteed a zero mode solution by continuity from o = 0, i.e. the

unperturbed Dirac points in the two layers. This is because the zero mode Y = (1 O)T is
pinned to zero energy because it is an eigenstate of o, and it cannot move to different values of
k because it is pinned to k = K by Cs symmetry. Thus ¢, has zero energy for all o > 0.

Next we note that because D only has antiholomorphic derivatives D (F(2)Y i (r)) = F(2)Dyg(r) =
0 for any holomorphic function F(z) where z = x+iy. However, any holomorphic function F'(z)
is either constant or blows up at infinity by Liouville’s theorem. Hence, this state cannot be a
Bloch state at a momentum other than K. At this point it may appear that we cannot obtain
zero modes except at isolated crystal momenta. However there is way out - we can allow F'(z)
to be a meromorphic function. Although such a function would necessarily have poles at cer-
tain positions in the unit cell, we could arrange for them to be precisely cancelled by zeros in
Y (7). Note, since this is a spinor wavefunction, we will need both components of ¥k (7) to
simultaneously vanish at that location in the unit cell. We can explore if such a condition is
satisfied by varying the angle. Indeed the magic angles are precisely those angles for which ¢k
has a zero in both of its components at some .

In fact, symmetry helps us locate where the zero will appear. We focus on the points +7¢, the
BA/AB stacking points respectively with rq = %(al — ag) = 0. These points are distinguished
by C5 symmetry since they map to themselves up to a lattice vector, Csrg = rg + az, see Fig.1.
We show that three fold rotation symmetry implies that one of the components ¥ xa(£79) = 0.
Indeed, C5 symmetry implies ¢ (Ry7) = i (r) where Ry rotates vectors by an angle ¢. One
may deduce that this is the correct representation by continuity from a = 0 where 5 = (1,0)7.
However, we additionally have

Via(£r0) = Vo (£RsT0) = Yo (710 £ @2) = €T po(£ro) (15)

since due to the form of the Bloch states (8) the second component of 1k picks up a phase
under translations.

While it is possible to show that Dix = 0 does not allow for ¥ (—7g) = 0, it is possible
for the single component 11 (r9) = 0 (which can be chosen real) by tuning the angle. Thus we
have one tuning parameter to set a single real number to zero, which generically will give a series



Figure 1: Real space visualization of the moiré pattern and depiction of the AA stacking r = 0,
AB stacking r = —rg, and BA stacking » = r¢ points. All three of these points map to themselves

up to shifts by lattice vectors under C3 symmetry

of points as solutions, i.e. magic angles. The first of these angles is at nearly the same angle as
realistic TBG and can be approximated using perturbation theory for small a. In particular,

we plug in the ansatz

(16)

)

1+ a?uy + -
au1+...

Vi = (
0 and obtain

to the zero mode equation Dk

—3 such that when o ~ 1/4/3 ~ 0.577 the entire

spinor vanishes. The perturbation expansion may be carried out to higher orders and seems to

0 and usg(rg)

ro) =

(

We then compute uy

get arbitrarily close to the numerically obtained value of a; =~ 0.586 for the first chiral magic

There seem to be infinitely many « for which 1y vanishes with the quasiperiodicity
Qp = a1+ 1.5 holding for large cv. Other metrics such as vanishing of Dirac velocity, maximum

gap to neighboring bands and minimum bandwidth also gives the same result. See ref. [22] for

more details.

angle.

Wavefunctions and topology:

1.1.2

To generate the rest of the states in the band we need to choose a meromorphic function

Fy(z) that is Bloch periodic. To do so, we write F(z)

holomorphic and g(zg +ma; +naz) = 0 where 2

fr(2)/g(z) where both fi and g are

Toz 1 170y and similarly a; 2 are the complex

number versions of the lattice vectors aq 2. The only choice for ¢g(z), up to multiplication by an
is the Jacobi theta function.

exponential function,

(18)

+7mi(2n+1)u
’

1\2
2)

Iulr) = —i Y (~1remit(nt

o0

n=—



where w = €*?. Under translations the Jacobi theta function satisfies
91 (u+ 1|7) = =91 (ul|7), 91 (u+ 7|7) = —e7TTT2TUY, (ulT). (19)

and ¥1(0|7) = 0 such that g(z) has the desired zeros (note that a translation by a; shifts ar-
gument of the theta function by 1 while a translation by ae shifts the argument of the theta
function by az/a; = €'® = 7). The properties (19) enable us to construct Bloch states by choos-
ing fr(2) to also be a theta function, since although a single theta function is only an eigenstate
under translations in one direction, the above u dependence in translations proportional to 7
will always cancel out in any ratio of theta functions leaving a pure phase. This pure phase may
be manipulated by shifting the arguments of the theta functions relative to each other, and an
exponential function can also be included as an additional knob. We may therefore engineer
fr(2) = e¥mikiz/ary, ((z — 2g) Jay — k/bs|w) for k = k, + ik, (measured from the K point) such

that
w) Vi (r)
,,91 (Z—Zo |w) ’

ai

z— 2 k

wk(r) — 627rik1z/a1191 <

ay bo

20
zZ— 2 k (20)

uk(r) _ Giik'r’l/)bk(’r) _ 6727T2”I”2k)/b2191 ( v
aq b2

ug (r
w) K(r) 7
Z—2Z

()
are Bloch periodic and periodic under translations respectively.

Let us make two observations - first, note the functional dependence of Bloch wavefunctions
ug(r) on moving through the BZ. In the gauge we have chosen, the entire dependence is via
k =k, +iky, ie. it is an analytic function of k. Next, note that these wavefunctions describe a
Chern band with C' = +1. To see this, we note that ug(r) is well defined for all k and r with
no singularities, but it is not periodic under k +— k + by 2. Instead, using (19) we have

Uk tb, (’l") — _e—2Tri7'1 eiﬂw+27riz0 eQﬂ'ik/bg Uk('r); (21)
Upeb, (1) = —€ 2T (1)
For the Berry connection A(k) = —i (x| Vi k), where & = u/||u|| is a normalized wavefunc-
tion, this implies
1
A(k+b1)=A(k) + 501+ a2, A(k +by) = A(k) (22)

For both (21) and (22) we used by /by = —w, and for (22) we used triangular lattice coordinates
where 27V = @10k, + a20k,. The Chern number can be evaluated as

27rC’=/ VxA= A - dk
BZ &BZ
1

_ / (A(k1by) — A(kibi + b)) - brdk; + /1 (A(by + ksbo) — A(ksbs)) - badky (2
0 0

:a2~b2:27r,

and so C'=1. The C57T related band with o, = —1 then has C = —1. Including the bands from
the other graphene valley and spin degeneracy, we obtain four exactly flat bands with C' = +1
and four exactly flat bands with C' = —1.

Such a situation seems extremely close to that of quantum Hall ferromagnetism with two
important differences. The first is that there is an extra time reversed copy with opposite Chern
numbers. The second is that these flat bands are not precisely the same as the LLL. How can
we understand and quantify the latter distinction? The coarse indicators of flat dispersion and
Chern number are the same.

Before we answer this question, we make a side comment on how x > 0 affects the bands.
Because chiral symmetry is no longer present, there is no longer a basis where the wavefunctions
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Figure 2: Berry curvature [36] for the o, = +1 band of magic angle graphene for different values
of k. Panels (a) — (e) have Kk =0, 0.2, 0.4, 0.6, 0.8 respectively.

are completely sublattice polarized. However, one may choose the basis where the sublattice
operator T'gp(k) = (U0 |Gok) is diagonal. The two bands are exchanged by Cy7 as be-
fore. Furthermore, Co7 symmetry implies that in this basis the non-Abelian Berry connection
Aup(k) = (Gak| Vi k) is diagonal, We may therefore continue to use sublattice o, = +1 to
label the two bands, and the two bands continue to have opposite Chern numbers in this basis.
The Berry curvature of the o, = 41 band is shown in Figure 2 for various values of k. At
large x there is a sharp increase in the Berry curvature at the I' point due to approaching band
crossings with the remote bands.

1.1.3 Quantum Geometry of the Chiral Flat Bands:

To understand the similarities and differences between the chiral flat TBG bands and Landau
levels we review how to characterize the geometry of a band. We begin by considering the Bloch
overlaps, or form factors, (ug,|ug,) that appear in any physical quantity that is indifferent to
the “internal” indices of the wavefunctions: in the case of chiral TBG, this is layer and the
position r within a unit cell. There are two important aspects of these overlaps: their phase
and magnitude. The bare phase is not gauge invariant, but if we consider the phase of an overlap
that traces a small loop in k-space we obtain a gauge invariant quantity from which we may
extract the Berry curvature:

Q(k) = lim ¢ 2 ImP(k)
q—0

Pt) = (e sp

——y

However, Berry curvature is not sufficient to describe band geometry on its own. For example,
all Landau levels with constant magnetic field have the same Berry curvature 2 = ¢% but they
have very different band geometry with important implications: charge density waves become the
ground state at fractional Landau level filling after the first few Landau levels. The origin of this
difference is that there is information contained in the magnitude of the Bloch overlaps as well

“k+%’“—%@> <“k+7—7 “k+%“‘+%> <“k+%“"‘+%@ “k—%+%’> <“k—%ﬁ'+%ﬁ



that the Berry curvature does not take into account. The variation in magnitude corresponds
to the quantum distance between k-points and associated Fubini-Study metric

g 0
D(k1,k2) =1 — [(u, [uk,)|, Jab(k) = T%T%D%’k + Q)’q:o' (25)
For the n’th Landau level, where zero is the lowest, the Fubini study metric is
L\ o
gav(k) = |1+ 5 ) Lpdab. (26)

The increase relative to the LLL comes from the Laguerre polynomial in the form factor
[(uk|urtq)| = Ln(q*(%/2) exp(—¢*¢%/4). The node in the form factor due to the Laguerre
polynomial helps stabilize charge density wave states in higher Landau levels [38].

The Berry curvature and Fubini-Study metric are tied together in special systems. One may
see this by constructing a gauge invariant complex tensor sometimes referred to as the “quantum
metric” which is schematically written as n = g — 2ie€), where g is the symmetric F-S metric and
€ is the antisymmetric matrix. This can be compactly written in terms of the gauge invariant
projector Q(k) as:

(Ok, ur| Q(K) |0k, ug)
(ur|uk)

Q) =1 [l (k] (27)

nab(k) = <uk|uk>

The quantum metric is Hermitian and positive semidefinite because it proportional to a pro-
jection of Q(k) onto the subspace spanned by the states |0, ux) and |(“)kyuk>, and Q(k) is
manifestly Hermitian and positive semidefinite as a projection operator. The real and imagi-
nary components of 17 can be seen to correspond to the Fubini Study metric and Berry curvature
respectively

1 1
Q= _§Im Nxy = §Im Nyz gab = Renap (28)

and the fact that 7 is positive semidefinite, detn > 0, implies that det g(k) > |Q(k)|*/4. The
inequality is saturated for all two band systems, as well as other special systems. A stronger
condition that very few systems satisfy is obtained if we additionally require that the eigenvectors
of g(k) are the same for all k. This is not implied by any rotation symmetry, as the rotation
symmetry changes the value of k. In this case, we may simultaneously diagonalize g(k) at all
values of k and obtain

gap (k) = %Iﬁ(k)lﬁsab, trg(k) = [Q(K)] (29)

This saturates the inequality trg > |Q(k)| which may be derived from the determinant
inequality above. The trace condition (29) is much harder to satisfy than the analogous deter-
minant condition. We will soon show that (29) is satisfied exactly by the lowest Landau level
(which further satisfies (k) independent of k) as well as chiral TBG. It is strongly violated for
all higher Landau levels. Such a distinction is important because the physics of higher Landau
levels is very different from the lowest Landau level, even though all Landau levels are flat and
have identical Berry curvature and Chern number. In particular, most fractional quantum Hall
states are observed in the lowest Landau level, and none are observed for the second and higher
Landau levels.

Notably, if the Bloch states |ug) can be chosen to be holomorphic in k = k; +ik,, then (29) is
satisfied. The reason can be seen directly from (27) upon replacing 9y, us, = (O + O )up = O us
and similarly Ok, ux = i0pur. We then obtain

1 4
w2, 1) (30)
from which (29) follows. This is the reason why the LLL Bloch states satisfy (29), and in that

case continuous magnetic translation symmetry additionally implies that (k) is independent
of k.
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Figure 3: Flowchart for results of importance to FCI physics. Both the chiral TBG flat band and
Dirac LLL (for a possibly inhomogeneous magnetic field) are zero modes of an operator that only
contains antiholomorphic derivatives. The real space dependence of the Bloch states thus has a
holomorphic factor which may be used to write fractional quantum hall (FQH) trial wavefunctions.
The periodic wavefunctions uy, are only dependent on k = k, + ik, (see the discussion around (31))
which implies the “trace condition” (29). The trace condition can also satisfied by fine tuned tight
binding models. The trace condition together with flat Berry curvature implies the GMP algebra
which is satisfied by the LLL with a constant magnetic field.

For chiral TBG there is no continuous magnetic translation symmetry, but the wavefunctions
ug in (20) are in fact holomorphic in k. We ensured this by carefully choosing fx(z), but such
a choice was always possible because the zero mode operator D only contains antiholomorphic
derivatives. Indeed, acting on ug the zero mode equation has the form

—2i0 — k al(r) _
( alU(r)  —2i0 —k — q1> k() = 0. (31)

Because ug is a zero mode of an operator that is independent of k, it may also be chosen to be
independent of k. The situation is the same for the LLL.

In fact, the chiral TBG wavefunctions are closely related to LLL wavefunctions. Indeed we
may write them in the form

_ 2mikiz/a1 2 — 20 k i —K(r U (’l")
with
ey )] )

)
as the analogue of the Landau gauge factor e=¥"/2¢5 and ui (1) = X (r) /9y (%ki‘i’)
are components of a normalized layer-spinor. This normalized layer spinor is independent of k

and so drops out of all Bloch overlaps; it has no influence on band geometry. The wavefunction
obtained by stripping off the layer spinor

~ zZ— 20 k

d)k:('r) — eQﬂklz/alﬂl <

ax bo

ei(z’) e K(r) (34)

is the Bloch state for a Dirac particle in an inhomogeneous, moiré periodic, magnetic field
B(r) = bV2K(r). See [36] for further details.

We may use this understanding to deduce the zero modes of chiral twisted bilayer graphene
in an additional real magnetic field [24]. In particular, if we thread ne flux quanta per moiré
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cell then the wavefunctions of our system will correspond to those of a Dirac particle moving
in a periodic magnetic field with ne + 0,7, flux quanta per unit cell multiplied by the usual
k-independent layer spinor. There will correspondingly be ng + 0,7, perfectly flat bands.

1.1.4 Chiral TBG and Fractional Chern Insulators:

In this section we argue that TBG in the chiral limit admits a FCI ground state at fractional
filling. We first discuss the experimental setting and background. In certain experimental
samples [39, 40] twisted bilayer graphene hosts a quantum anomalous Hall effect at v = 3. It is
very likely that in these samples the graphene layers are nearly aligned with the hBN substrate.
When aligned, the hBN substrate gives the TBG bands a sublattice potential [41, 42, 43] that
splits the two flat bands in each valley into a C' = 41 and C' = —1 band. Then at v = 3 the
system spontaneously breaks time reversal symmetry and chooses one Chern band in one valley
to leave unoccupied: the filled bands then have a net Chern number as well and give rise to an
anomalous Hall effect. One may hope to obtain a fractional QAHE effect as well, i.e. an FCI,
by fractionally filling the unfilled Chern band.

The special quantum geometry and holomorphicity of chiral TBG has important implications
for FCI physics. In particular, we may use the real space holomorphicity of the wavefunctions,
or the relationship to LLL wavefunctions, to directly write down trial fractional quantum Hall
many body wavefunctions. For example, we may write down the Laughlin state at filling 1/m

F(z1, - ,2n) x 1_[(2z —z;)™, (35)

i<j

where we used that because the single particle states only depend on a choice of holomorphic
function, the many body states are also proportional to a holomorphic function of n complex
coordinates. See Ref. [36] for an explicit construction of the m degenerate Laughlin states for
chiral TBG on a real space torus that braid into each other upon inserting fluxes through the
cycles (mirroring the discussion in Ref. [44] for the LLL case).

As in the QHE case the Laughlin state is expected to be a ground state for short range
interactions. The argument that is often made for this uses rotation symmetry to project
the interaction to the LLL in the symmetric gauge basis for two body states (the Haldane
psuedopotentials [45]). However, the relative angular momentum here essentially labels the
power law describing how fast the wavefunction vanishes as two particles approach each other.
The latter makes sense even without rotational symmetry. Using this thinking, we consider
”pseudopotentials”

/

m
Vir)= Z vn(apV)2"5(r), (36)

n=0
where we insert factors of aps, the moiré length, with each V since all states in the band vary
on this scale. The Laughlin state pays to energy to this potential and thus should be the
ground state as long as m > m’. For short range potentials we expect the above to be a good
approximation: if the length of the potential £ < aj; we have v, ~ (£/an)?*"vo. As in the
LLL, for small m we may obtain Laughlin ground states even for the unscreened, long range,
Coulomb interaction.

As we have discussed, the momentum space band geometry of chiral TBG is also the same as
that of the LLL if we allow for inhomogeneous magnetic fields. The condition (29) and the mostly
flat Berry curvature have been recognized in the FCI literature as important for reproducing
the Girvin-MacDonald-Platzmann (GMP) algebra satisfied by LLL density operators [46, 47, 48]
and magnetic translation symmetry [49]. See Figure 3 for a flowchart reviewing the logic of this
section as it relates to FCI physics. Finally, we have not delved into the reports of numerical
observation of FCI phases in magic angle graphene for which the reader is referred to references
[50, 51, 52].
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2 Interaction Effects at Integer Fillings

In this section we begin by recounting the simplest electronic ferromagnet, the quantum Hall
system at unit filling in the lowest Landau level. We then describe how twisted bilayer graphene
may be thought of as a pair of generalized quantum Hall ferromagnets, with opposite effective
magnetic fields. A large U(4) x U(4) symmetry rotates the flavors within each quantum Hall
system independently. It is broken down to the diagonal U(4) by dispersion which couples the
two sectors, and finally the incomplete sublattice polarization lowers the enlarged symmetry to
the physical symmetry (i.e. U(2) x U(2) symmetry of independent spin and charge rotations in
each valley). This framework will enable us to understand many integer filling states and will
form the basis of the skyrmion mechanism of superconductivity discussed in the next section.

2.1 From Quantum Hall Ferromagnetism to TBG:

Let us briefly review some basic facts of quantum Hall ferromagnetism (an excellent reference
for the following discussion is Girvin’s Les-Houches Lecture Notes [53]). The setup is as follows.
Electrons in the lowest Landau level are at filling v = 1. Naturally an integer quantum Hall state
is formed, but electrons also have a two fold spin degeneracy that needs to be resolved. Athough
Zeeman coupling splits the spin degeneracy, this is often a weak effect, particularly if the g factor
is small. In fact, interactions lead to a spontaneous ferromagnet even in the absence of Zeeman
field. Furthermore the expected energy gaps are set by the interaction strength, and much
larger than the typical Zeeman splitting. The spontaneous ferromagnet has Goldstone modes
(ignoring the Zeeman coupling) characterized by a stiffness. Most interestingly, a consequence
of the Chern number of the Landau level is that there is an entanglement between spin and
charge degrees of freedom. Topological textures of spin (skyrmions) carry electric charge[54].
Let us briefly describe this below and transcribe this to our more complex, but similar setting
of magic angle TBG. The most important differences will be, first, that in addition to spin,
valley quantum number will also be present. Second, given the obvious time reversal symmetry,
a mirror sector with opposite magnetic field or equivalently, opposite Chern number will be
present. This is shown in the table below.

H Quantum Hall Ferromagnet TBG
Ground State Ferromagnet at v =1 Flavor Order at v = integer
Single particle excitations Gapped: Apy = \/g % Gapped Insulator
Collective modes Spin waves stiffness p = Alg — Flavor waves
Effective Theory Lon) =L + g(Vﬁ)z + iegr CAun -0yt x Oxn | Lyp[ng] + L[]+ Jhg -

Table 1: Comparison between Quantum Hall ferromagnetism and twisted bilayer graphene (TBG).
In the last row, £p is the Berry phase for spin 1/2, and the last row and column describes the

effective theory for a simplified ‘spinless’ TBG.

There are some important consequences of the contrast from the quantum Hall case, i.e.
arising from the fact that here we have a pair of quantum Hall ferromagnets with opposite
Chern number. These are coupled together by a superexchange interaction J, which locks them
into an antiferromagnetic configuration. We will see that corresponding to the Skyrmions of the
integer quantum Hall effect, in this TBG model the skyrmions will carry twice the charge and
correspond to Cooper pairs. Also, an important distinction is that there is an effective time
reversal symmetry here than ensures skyrmions have an effective mass and do not see a net
Lorentz force. This is in contrast to IQH skyrmions that effectively experience a strong Lorentz
force from the large effective magnetic field from the ferromagnetic moments.

13



2.2 Projection onto the flat bands

Let us now turn our attention back to twisted bilayer graphene and discuss the effect of adding
the Coulomb interaction to the flat bands. Our main assumption is that the gap to the remote
bands A is much larger than the scale for the Coulomb interaction which is given by Vi = m
where € is the relative permittivity and L, is the Moiré length. For parameters typical to TBG,
Vo is around 10-20 meV whereas the gap A is close to 100 meV in the chiral limit (in the realistic
model, the gap is reduced to about 40 meV). This is similar to projecting into the lowest Landau
level.

To consider the interacting problem, we need to take into account the existence of two
graphene valleys K and K’ which in addition to spin degeneracy yields a fourfold flavor de-
generacy. Combined with the two-fold degeneracy of the flat bands, this means we have 8 flat
bands in total. These flat bands are labelled by a spin s =1 / |, valley 7 = K/K' and sublattice
o = A/B indices. We will find it convenient to combine these 3 indices into an 8 component
index o = (s, 7,0) labeling the states within the 8-dimensional space of flat bands at a given
momentum. Our task is to understand the nature of the ground state at various filling v. By
convention v = 0 refers to the charge neutrality point and v = 44 refers to full and empty
bands. We will be particularly interested in integer fillings, where an insulator can be stabilized
even without enlarging the Moiré unit cell. The following analysis follows closely Ref. [37].

The interacting Hamiltonian projected onto the flat bands have the form

1 _
H= Z CL,kha,ﬁ(k’)CB,k + 24 Z Va0pqdp—q; 0pq = Pq — Pq (37)
o, keMBZ q

Here A denotes the area, co 5 denotes the annihilation operator for the electron belonging to the
flat band o at momentum k in the Moiré Brillouin zone. dpg denotes the Fourier components
of the density operator projected onto the flat bands with the background density at charge
neutrality subtracted. It can be written explicitly by defining the form factor matrix

[Aq(R)]a.p = (Ua.klus k+q) (38)

Here, |uq k) denotes the periodic Bloch wavefunctions (which differ from the Bloch wavefunctions
by the factor e?*") for the flat bands.Using A, we can write the density operator pg as

_ 1
pg= Y chulhg(B)apconiq =D chhg(k)chiq,  Pg= 3 > dqctric(k) (39)
a,B.k k k,G

Note here that k lies in the Moiré Brilluoin zone, q is unrestricted, and G is a reciprocal lattice
vector. In the second equality for pg above, we used a more compact matrix notation where cg
is an 8-component column vector and Aq(k) is an 8 x 8 matrix.

Using symmetries in the chiral limit, (see Appendix A.1 for the detailed analysis), we obtain
a very simple form of the form factor matrix:

Aqlk) = Fy(k)eiPatbo=r (40)

where Fy(k) and ®,4(k) are scalars. Note that the form factor of a given flat band only depends
on the combination o,7, which corresponds to the Chern number. This can be understood
from the fact that in addition to being diagonal in spin and valley, bands in the same valley
with opposite Chern number live on opposite sublattices. This leads to the form above, on
further noticing that Chern number flips under exchanging sublattice (under CoT symmetry),
or valley (under 7) but remains invariant under flipping both (under Cs symmetry). This
illustrated in Fig. 4 where the spin degree of freedom is suppressed since it does not play a role
in understanding the action of other symmetries (this arises since the problem has a full SU(2)
spin rotation invariance).

The non-interacting part h, g(k) is naively obtained by projecting the chiral BM Hamiltonian
onto the flat bands

has(k) = (o k| Hem (k) ug k) (41)
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Figure 4: Schematic illustration of the Chern sectors for the flat bands in the spinless limit labelled
by valley K/K’ and sublattice A/B with the action of time-reversal T, twofold rotation Cy and
the combination of the two Cy7T illustrated. Figure adapted from Ref. [37].

which suggests that it vanishes identically at the magic angle. In reality, the process of projecting
onto the flat band also generates corrections coming from the interaction with the remote bands
that contribute to the single particle dispersion h, g(k) [43, 50, 55]. While a detailed calculation
of these corrections is beyond the scope of these notes, we can deduce the general form of h, g(k)
and of the form factors Aq(k) based on symmetry alone. See Appendix A for a complete
discussion of the symmetries of chiral TBG.

2.2.1 Enlarged Symmetry

Let us now restore the spin degree of freedom and consider the symmetry of the full problem.
The simple structure of the form factor implies that the interaction term in the Hamiltonian
(37) has a large symmetry. To see this, we note that the density operator is invariant under any
unitary rotation

ck — Ucg, [U,0.7,] =0 (42)

where as before ¢, is an 8-component column vector which means that U is an 8 X 8 matrix. The
condition that U commutes with 0,7, simply means we restrict ourselves to unitary rotations
which conserve the Chern number i.e. which take place within the same Chern sector. Since
there are four bands within each Chern sector £1, this leads to a U(4) x U(4) symmetry for the
interaction term.

To see how this symmetry is reduced in the presence of the single particle term h(k), we need
to see how the different symmetries restrict its form. Our main assumption is that, although its
value may be renormalized by interactions, it has the same symmetries as the projected chiral
BM Hamiltonian (37). First, we can again use spin and valley symmetries to deduce h(k) is
proportional to so and diagonal in valley index. For a single valley, h(k) is further restricted by
symmetry as described in the Appendix A.2.

This leads to the form:

h(k) = hy(k)og + hy(k)oy,T. (43)

To understand how this term reduces the U(4) x U(4) symmetry of the interaction, it is useful
to introduce a new Pauli triplet (s, vy,7Vz) = (0,0, T2, 0,7:). The condition [U, o,7,] = 0 then

becomes [U,v,] = 0 which yields
(UL 0
(%), o

If we want U to also commute with the single-particle part h(k), we need to require [U,~,] =0
in addition which gives Uy = U_, i.e. U  ~p. This reduces the U(4) x U(4) of the interaction
to a single U(4). Intuitively, this can be understood by noting that h(k) has the form of a
tunneling which connects opposite sublattice bands in the same valley (and spin) in the the
opposite Chern sector. This requires us to perform the same U(4) symmetry on both sides to
retain the structure of this coupling between the Chern bands thereby reducing U(4) x U(4) to
a single U(4). This is schematically illustrated in Fig. 5.

Let us now briefly comment on the symmetry reduction once we move away from the chiral
limit. As shown in Appendix A.3, deviation from the chiral limit means that the wavefunctions
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Figure 5: Ilustration of the enlarged U(4) x U(4) symmetry corresponding to independent unitary
rotation in each Chern sector which is reduced to U(4) in the presence of tunneling which couples
the two sectors together [37].

are not completely sublattice-polarized. This leads to the appearance of a sublattice off-diagonal
contribution to the form factor proportional to 0,7, and o,. To understand the symmetry
reduction due to this extra term, it is convenient to introduce the Pauli triplet (1;,my,7,) =
(04Tw, 02Ty, T-) Which commute with v, , .. We then find that away from the chiral limit, a
unitary rotation U leaves the interaction invariant if and only if [U,~,] = [U,v,7.] = 0. This
means that Uy and U_ defined in Eq. 44 are related via Uy = n,U_n,. This is different from the
U(4) symmetry preserved by h(k) which is given by Uy = U_. In fact, the two conditions are
only satisfied if Uy = n,Usn, which corresponds to the physical symmetry group U(2) x U(2)
which independent spin and charge conservation in each valley.

2.3 Correlated insulators: generalized “quantum Hall ferromagnets”

We can now understand the emergence of correlated insulators at integer fillings. For simplicity,
we are going to focus on the spinless limit where the interaction has a U(2) x U(2) symmetry
which is reduced to U(2) in the presence of the single-particle dispersion. We will also focus on
the case of charge neutrality. The relevance of this limit for TBG can be understood as follows.
There is good experimental evidence [56, 57] for spin polarization in the vicinity of half-filling .
Furthermore, this spin polarization takes place at significantly higher temperature compared to
those associated with the correlated insulating and superconducting phases. This suggests that
the energy scale for this spin ordering (the spin stiffness) is larger than the scales associated
with the correlated insulating or superconducting behavior, which justifies projecting out the
completely empty/completely full spin sector and focusing on the spinless limit.

Thus, we are going to focus on the spinless model at half-filling i.e. two out of four bands are
filled. Let us start by focusing on the interaction term and ignoring the single-particle dispersion.
We note that the interaction is a sum of positive semidefinite operators for each momentum g,
thus its spectrum is non-negative. Furthermore, any state which satisfies dpq|¥) = 0 for all g is
a ground state for the interacting part. Let use now write the density operator more explicitly
using Eqs. 39 and 103

Pq = Z Fq(k)[eiq)“(k)(CL,K,kCA,K,kJrq*‘CTB,K',kCB,K',k+q)+€_i%(k)(CL,K,kCAaKakJrq"'CL,K’,kchK’karq)}
k

(45)
We see that pg consists of four terms which correspond to a momentum space hopping between
k and k+q in each of the four bands seperately. Thus, the four terms are gauranteed to vanish if
they act on a state where each of the four bands is completely empty or completely full yielding
a ground state of the interacting Hamiltonian.?

!Note that due to the presence of SU(2) spin rotation symmetry in each valley separately, a spin polarized state
does not have to be a ferromagnet since we can choose the filled spin independently in each valley.

2This is only valid if q is not equal to a reciprocal lattice vector G which yields a term CLCk+G = chk that is
equal to the filling of electrons at momentum k. This term yields a constant which cancels against the background
term pq in dpq such that dpq|¥) = 0 for all g.
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Figure 6: Illustration of the Pseudospin vector with K, A and K, B denoting the up pseudospin
direction in the £ Chern sectors, respectively [28].

This yields two possible kinds of ground states at half-filling (2 out of 4). First, we can fill
two bands in the same Chern sector yields an anomalous quantum Hall state

Waans2) = [ chxnchowl®),  1Waan-2)= J[ chrrchrl0)  (46)
kemBZ kemBZ

|Uqan,+2) has Chern number +2 and map to each other under time-reversal symmetry T
i.e. each of them spontaneously breaks 7. Both states are symmetric under the U(2) x U(2)
symmetry since unitary rotations among two fully filled or fully empty bands does nothing. The
second class of states is obtained by filling one band in each of the £ Chern sectors leading to
a vanishing total Chern number. This can be chosen to be any arbitrary linear combination of
the two bands in each Chern sector yielding the state

Vo, 6.0_6_)= H (cos 9+CL’K1,€ + sin 9+ei¢+cTB’K,’k)(cos Q,CTB’K’,c +sin0_e'*=ca o 1)]0)
kemBZ

(47)
The angles 1 and ¢+ parametrize two unit vectors ny = (sinfi cos ¢, sin 04 sin ¢4, cosfy).
Another way to see this is to start from a simple state, let’s say 6+ = 0, corresponding to a
valley polarized state filling both sublattice bands in the K wvalley. Since a single band out
of 2 is selected to be filled in each Chern sector, this state breaks the U(2) x U(2) symmetry
of the interaction. For each Chern sector, the U(2) symmetry is broken down to U(1) x U(1)
corresponding to independent phase rotation in the full or empty band. Thus, acting with

U(2) x U(2) on the valley polarized state generates a manifold of states characterized by a unit
vector in S? = % in each of the two Chern sectors.

We will call the two unit vectors ny and m_ parametrizing the manifold of Chern zero
states pseudospins (see Fig. 6). These can be extracted from the ground state wavefunction by

introducing the pseudospin Pauli triplet (1, ny,7,) = (047%, 05Ty, T2) via

1+,
2

ne = (Uln——"|w) (48)

It is instructive to look at some special points on this manifold which are invariant under
some physical symmetries. First, we notice that the U(1) valley rotation associated with the
conservation of the valley charge acts as a pseudospin rotation in the x-y plane 7= = ¢®"-.
Thus, if both the pseudospins n4 point in the z-direction, the resulting state would preserve
U(1) valley symmetry. There are two options, either n; = n_ = +2 corresponding to aligned
Ising order between the Chern sectors or ny = —n_ = £2 corresponding to anti-aligned Ising
order between the Chern sector. The former corresponds (r.) # 0 and is obtained by filling
the same valley in the two Chern sectors (both sublattice bands in the same valley) leading to
a valley polarized state which is invariant under Co7T (remember Cy7 flips sublattice but not
valley). The latter corresponds to {(0.) # 0 and is obtained by filling opposite valleys for the two
different Chern sectors (or equivalently filling both valleys in only one of the sublattices) leading
to a valley Hall state which is invariant under time-reversal symmetry (remember 7 flips valley
but not sublattice). In-plane pseudospin order spontaneously breaks U(1) valley symmetry,
but we can still distinguish two cases of XY pseudospin order which is aligned or anti-aligned
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between the Chern sector. The aligned case corresponds to a non-vanishing expectation value
for the order parameter (0,7;,y) = (1)2,y) # 0 which is invariant under time-reversal symmetry
whereas the anti-aligned case corresponds to the order parameter (o, 7, ) = (V27z,y) 7 0 which
is odd under time-reversal, but invariant under a combination of time-reversal and 7 valley
rotation. Since 7 anticommutes with 7, (it exchanges valleys), the combination 7’ = i7, T acts
as a new time-reversal symmetry which squares to —1 rather than +1, i.e. a Kramers type
time-reversal symmetry. A summary of these states is given below in Table 2.

State Pseudospin Description | Unbroken Symmetries
Valley Polarized 7, Ising Aligned 7, Uy(1),CoT
Valley Hall o, Ising Anti-aligned ~y,7, Uy (1), T
T-symmetric Intervalley 0,7, XY Aligned 7 4 T
Kramers Intervalley o,7; , XY Anti-aligned .7,y T =i, T

Table 2: Table summarizing some of the states from the manifold of the Chern zero low-energy
states, their corresponding pseudospin description, and their symmetries. The pseudospin order is
ferromagnetic within each Chern sector but it can be aligned ny = n_ or anti-aligned ny = —n_
between Chern sectors.

2.3.1 Effect of dispersion

The analysis of the ground state so far focused on the ground states of the interacting term
ignoring the single-particle dispersion h(k). As discussed earlier, this term is likely to be non-
zero even for the chiral limit at the magic angle and has the general form given by (43) which
breaks the U(2) x U(2) symmetry down to a single U(2). Our main assumption here is that
the magnitude of this term is small compared to the interaction scale such that its effect can be
included perturbatively leading to a splitting among the ground states of the interaction part.

Before computing this splitting, we will present a simple intuitive argument to understand
the effect of this term. h acts as tunneling between opposite Chern (sublattice) bands belonging
to the same valley. If we are in a state where both these bands are fully filled or fully empty e.g.
in a valley polarized state, then this tunneling term is Pauli blocked and has no effect on the
energy of the state. On the other hand, if one band is fully filled and the other is fully empty,
this tunneling term is expected to reduce the energy through virtual tunneling. This reduction
mechanism is analogous to superexchange and leads to an energy reduction of the order of h%/U
where U is the interaction scale.

For a state in the manifold of zero Chern insulators described by the pseudospin vectors
n, and n_, the energy correction due to tunneling can only be a function of n, - n_ due
to SU(2) pseudospin symmetry. Furthermore, if we compute this contribution in second order
perturbation theory it can only depend linearly on n, - n_ leading to the energy contribution

AE = J(ny -n_ — 1) where we have added an unimportant constant such that AE vanishes
for ny = n_ as expected. The value of J can be computed by taking any of the states with
ny = —n_ for which AE = —2J. For definiteness, let us take the valley Hall state with
n, = —n_ = Z. Relegating technical details to appendix B, we can extract the value of J by

computing the second order correction to the energy due to h leading to

J= % > " ha(k) + ihy (k)| [Henlg o tha (k) — ihy (K))], (49)
k,k’

where H,), is the Hamiltonian for an interChern particle-hole excitation created by the action
of h(k). Its explicit form is given by [37]

1 )
[Heh]k7k’ = Z Z Vqu(k:)Q[ék,k/ — 6k/’[k+q]€2z®q(k)] (50)
q
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where [q] denotes the part of g within the first Moiré Brillouin zone. As discussed in Ref. [37],
this Hamiltonian always has a finite spectral gap due to the topological properties of the bands
which guarantees that the perturbation theory is well-defined.

2.3.2 Deviation from the chiral limit

Let us now see how the deviation from the chiral limit influences the energies of the states in the
ground state manifold. We start by noting, away from the chiral limit, the wavefunctions are
not completely sublattice-polarized leading to sublattice off-diagonal contribution to the form
factor matrix proportional to o, 7. and oy (see appendix A.3 for details). The extra sublattice
off-diagonal contribution to the form factor means that the density operator has a corresponding
extra term given by

Pq = Z Fq (k)CLUxTzeiq)q(k)asz Ck+q
%

= Z Fq(k)[e_iq)"(k)(CL,K,kCB,K,kJrq - ers',K/,kCA,K’,Hq) + eié"(k)(Cg,K,kcAvakﬂ - CZ,K’,kCB¢K/¢’“+q)]
k
(51)

This represents hopping between opposite sublattices within the same valley. Including this
term, we find that the condition that a state is a ground state for the full interaction term is
0pq|¥) = pq|¥) = 0 for all g. This is manifestly satisfied by the valley polarized state, but it
is also satisfied by the Kramers intervalley coherent state which is generated from the valley
polarized state by unitary rotations generated by v,7;,,. In fact, we can deduce the form of the
energy contribution due to deviation from the chiral limit based on symmetry considerations
alone since invariance under the SU(2) group generated by 7,7, n,7s, and 7, restricts the
energy to the form

AE = Angon— g+ nyyn_y—ny n_,+1) (52)

where we added a constant such that AFE vanishes for the valley polarized state as expected.
The value of A can be deduced by taking a state which maximizes AFE, e.g. valley Hall state
with AE = 2). A direct calculation yields

1 - 1 F
A= S ValWviliap ol Uvin) = 57 VaFa(k)? (53)
q q

2.3.3 Energy splitting

Combining the effects of the dispersion and deviation from the chiral limit yields the following
energy function for the splitting

AEny,n_]=Jdng -n_+ ANy gy Ne gy — Ny N ) (54)

This function selects the anti-aligned XY order (the Kramers intervalley coherent state) as the
unique ground state.

2.3.4 Comparison to numerics and experiments

The main conclusion of our argument is the existence of a large number low-lying insulating
states at integer filling v which can be thought of as generalized quantum Hall ferromagnets
obtained by filling 4 4+ v of the C' = 1 bands shown in Fig. 5. The energy splitting between
these states is relatively small < 1 meV per particle and can depend sensitively on the sample
details e.g. strain, substrate alignment, lattice relaxation, etc. However, the broad conclusion
regarding the existence of a large number of Slater determinant generalized ferromagnets has
been robustly reproduced in several studies starting from numerical Hartree-Fock studies [43, 55,
37, 58] which identified several closely competing low-lying states whose competition precisely
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Figure 7: A schematic illustration of the different Chern insulators possible at different integer
fillings by filling different bands in the C' = +1 sectors. Here, we use a Landau fan diagram where
the slope of the different lines represent the Chern number and the intercept represents the filling.
Figure adapted from Ref. [66].

matches our analysis. Further verification came from less biased numerical methods such as
DMRG [59, 60, 61] and exact diagonalization [62, 63] which found that the ground state is
almost always very close a Slater determinant state. It is worth noting that later analytical
works also reproduced these results [64, 65].

Experimentally, the main implication of the existence of a large number of closely compet-
ing states is that we can induce phase transitions between them by applying relatively small
perturbations. One of the most experimentally accessible such perturbations is the out of plane
magnetic field which, due to orbital coupling to the electrons, leads to energy splitting between
states with different total Chern number as a function of filling [65]. The different possible
Chern insulators obtained by filling a subset of the C' = 41 bands at a given filling are shown
in Fig. 7. This picture predicts a phase transition to states with finite Chern number with the
same parity as v whose maximum value is |C| = 4—|v| [37, 65]. This was experimentally verified
in several parallel works [67, 68, 69, 70] which observed these different Chern insulators upon
applying an out-of-plane magnetic field to TBG samples.

3 Skyrmions and superconductivity

In this section, we discuss a possible scenario for the emergence of superconductivity upon
doping the half-filling correlated insulators identified in the previous section. We first discuss
an effective field theory for the manifold of correlated insulators; slowly varying textures of the
order parameter field give rise to skyrmions. We then discuss the energetics of skyrmions as
well as their kinematics which enables us to obtain a BEC condensation temperature. Finally,
we show that skyrmion condensation may be understood through a phase transition of the CP*
model, and through a large IV expansion obtain a complementary estimate of the condensation
temperature.
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3.1 Effective field theory

Our starting point is an effective field theory for the correlated insulator. We begin by restricting
ourselves to the manifold of Chern 0 states and exclude the quantum anomalous Hall states with
Chern number 2. This is motivated by two considerations. First, since the quantum anomalous
Hall states do not break any contineous symmetry — they are U(2) x U(2) — invariant, there are
no low energy degrees of freedom making their effective low energy theory trivial. Second, these
states strongly break time-reversal symmetry which is likely to suppress superconductivity.

To write the field theory for the manifold of Chern zero states, we notice that it is parametrized
by a pair of unit vectors ni describing the pseudospin magnetization direction in the £ Chern
sector. Let us start by focusing on a single Chern sector. Topologically, this system is equiv-
alent to a quantum Hall ferromagnet with the main difference being the detailed structure of
the wavefunctions and the replacement of magnetic translations with regular translations, both
features which does not alter the form of the effective field theory (see Refs. [28, 71] for a detailed
derivation for the effective field theory for the case of Chern band). Thus, the field theory for a
single Chern sector with C' = %1 is the same as that of a quantum Hall ferromagnet [53, 72]

h .
Liln] = Lpn] - 2(Vn)? + pedp(r),  Lpln] = —-7—Aln] -7 (55)
2 240
The first term is a Berry phase term for a spin 1/2 written in terms of the field of a magnetic
monopole A[n] defined through the relation V,, x A[n] = n [53]. A simpler way to write this
term is by considering its variation

h
The second term is a gradient term whose coefficient is the pseudospin stiffness. §p defines the
so-called topological topological charge density given by

1

" ar

The spatial integral of dp is an integer. This can be understood by noting that for any finite
energy spin configuration, the vector n has to approach a constant at infinity so that the gradient
term remains finite. Thus, we can identify all points at infinity which essentially compactifies
the 2D plane to a sphere. The field n is then a map from S2? to $? which is characterized
by the homotopy group m2(S?) = Z. This integer is precisely captured by the integral of the
topological density in (57). A remarkable fact is that the spin texture carries an electric charge
which is equal to the topological density times the Chern number (see Ref. [53] for details).
This explains the last term in the Lagrangian (55) with the topological density coupling to the
chemical potential with opposite sign in the opposite Chern sectors.

To couple the two sectors, we include the effect of the single-particle dispersion which acts
as tunneling between the sectors (cf. Sec. 2.3.1) as well as the anisotropy due to deviation from
the chiral limit (cf. Sec. 2.3.2). The final Lagrangian takes the form

op(r) n - (0;n X Oyn) (57)

£[7’L+,TL_] = £+[TL+] + £—[n—] - JTI,+ n- — )‘(n+,xy TNy — n-&-,z”—,z) (58)

3.2 Skyrmion energetics

To capture the energetics of the skyrmions, we should also add a term [ d?rV (r—v')dp(r)dp(r’)
for the long range Coulomb interaction. In the absence of coupling between the Chern sectors,
the skyrmion energy has two contributions: (i) the elastic contribution coming from the gradient
term in the Lagrangian (55) and (ii) the long range Coulomb energy. The former is invariant un-
der the scaling transformation n(r) — n(Ar) which means that it only depends on the skyrmion
shape but not its size. To find the shape which minimizes it, we note that [73]

(Oam £ €qpn X Opn)? > 0, (59)
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Figure 8: Elastic energy of the skyrmion vs the energy of a particle-hole excitation in the intervalley
coherent ground state. Figure adapted from Ref. [28]

where we use the convention where latin indices a,b,... go over the spatial components z, y.
Upon expanding and using the identity (a x b) - (¢ x d) = (a-¢)(b-d) — (b- c)(a - d) yields
p

(0am)? > £epen - (Oyn x Oon) =  Ey= §/d2r(8an)2 > dwp|m)| (60)

where m = % [ €en - (Oyn x O-m) is the skyrmion topological charge . The equality is only
satisfied if 9,n = teqpm x Jyn which was shown by Polyakov and Belavin [73] to be equivalent
to the condition that the function w = "f%::’ is analytic in z = = + iy.

Since the gradient term is scale invariant, the size of the skyrmion is solely determined by the
Coulomb repulsion which prefers to make its size as large as possible such that dp(r) ~ O(1/A)
leading to vanishing Coulomb energy in the thermodynamic limit and a total energy of 4mwp|m)|.
The field theory (55) is valid below the gap to electron-hole excitations. In a quantum Hall
system, this gap is indeed larger than the skyrmion energy with the ratio éip'; = % For the
case of TBG, this ratio depends on a lot of details. In the chiral limit, it turns out to be very
close to the quantum Hall value of 1/2 whereas for the realistic value of wy, it is closer to 1 as
shown in Fig. 8 [28]. In the following, we will assume that there exists a range of doping such
that the skyrmions are the lowest energy charged excitation and take the theory (55) to be a
description for the doped system for this doping range.

Let us now see how coupling the two Chern sectors will change the skyrmion energetics.
First, if we switch on the antiferromagnetic coupling J, we find that a single skyrmion pays an
energy of the order JR? where R is the skyrmion size 2. The reason is that at the skyrmion core,
the antiferromagnetic condition is violated since the pseudospins are no longer anti-aligned. This
contribution acts similar to a Zeeman field for a quantum Hall skyrmion and tries to shrink its
size. The competition between this term and the Coulomb repulsion gives the skyrmion a finite

size R ~ (Ec/J)Y? (in units of the Moiré length) which yields an extra energy contribution
AFE ~ J2/3Ecl/3 on top of the elastic energy.

On the other hand, a charge 2e object consisting of a skyrmion in one Chern sector and an
antiskyrmion in the opposite sector sitting on top of each other does not pay the energy penalty
due to J since the pseudospins are locally anti-aligned. This means that such object has a finite
binding energy compared to an infinitely separated skyrmion-antiskyrmion pair which is of the
order AE ~ J?/ 3Ecl/ 3, Thus, the skyrmions and antiskyrmions in opposite Chern sectors pair
to form charge 2e bound states no matter how small J is, provided that the pseudospin SU(2)
symmetry (which is exact in the chiral limit) is preserved i.e. A = 0.

31f we use the Polyakov-Belavin skyrmion, this energy will be logarithmically divergent in the system size. We can
however, introduce some regularization which cuts this divergence off at the expense of slightly increasing the elastic
energy relative to the minimum bound (see Ref. [29])
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The inclusion of the chiral symmetry breaking A significantly complicates the analysis and
it can lead to the deformation of skyrmions into meron pairs or the unbinding of charge 2e
skyrmions into their individual charge e constituents depending on the detailed values of A, p,
and J. A detailed quantitative analysis of the skyrmion energetics in this case is beyond the
scope of these notes (see Ref. [71] for details).

3.3 Skyrmion condensation

In the following, we will restrict ourselves to the case A = 0 realized in the chiral limit where
the pseudospin SU(2) symmetry is exact. Our conclusions will be valid also for A > 0 provided
it is sufficiently small compared to J as shown in Ref. [71]. In this limit, as discussed above,
skyrmions residing in opposite Chern sectors but carrying the same charge e attract forming a
bound charge 2e object. In addition, we note that the individual charge e skyrmions feel an
effective net magnetic field Bog = ﬁ (A is the area of the Moiré unit cell) which is opposite
in the opposite Chern sectors. In contrast, the charge 2e bound pair does not experience a net
magnetic field. Instead, the magnetic field induces a mass of the charge 2e object due to a
dipole effect as follows: the two charge e skyrmions constituting the charge 2e bound pair carry
the same charge but opposite magnetic field which leads to a Lorentz force F1,o; & evBeg. This
force is counterbalanced by a springlike force of attraction which arises from the binding energy
Fiinding X —Jx 4. Equating the two yields the optimal separation as a function of velocity given
by & « %;e“ which yields the energy E o v?/J corresponding to an effective mass M, o< 1/J.

This discussion can be made more precise by considering a pair of skyrmion-antiskyrmion
in the opposite Chern sectors whose size and shape are fixed by the energetics with only their
position being a free variable, i.e. ny(r) = £ng(r — Ry) where ng,(7) is some fixed skyrmion
configuration. Substituting in the Lagrangian (58) yields

LR, R = D[R, x R)~ (R x R)|-2~ JF(R, ~R.), (61)

F(R) = /d2rnsk(r) ‘ng(r — R) (62)

Introducing the center of mass coordinate R; = (R4 + R_)/2 and the relative coordinate

R; =R, — R_, we find that the first term in the Lagrangian becomes e Begg(Rg X Rs) -z. This
means that we can introduce the momentum if the center of mass P, = ;—RL = eBegZ X Ry.
The quantum theory is obtained by promoting Rs and P, to operators satisfying [P;, }553 ] =

[Ri, RJ] = 0 and [R!, PJ] = ihé;; with the Hamiltonian given by

T |P5| _ J % |2 D |4 _ (eBeff)2
H=~JF <€Beff - COHSt.+2(eBeH)2F (0)|PS| +O(|P8| )7 = Mpalr - JF//(O) (63)

We note that F”(0) = [ d*r(Vn)? which yields F”(0) = 4r for a skyrmion which minimizes
(EBe")2

47rf;
The effective pair mass M. translates to a superfluid stiffness psc =

the elastic energy giving Mpair =
h2n
Mpair
density of charge 2e skyrmions taken to be equal to v/(2As) where v is the doping relative to
the insulator where superconductivity is developing (for the spinless model, this is taken to be

the half-filled insulator). The Kosterlitz-Thouless transition is then given by [74]

where n is the

TPSC - ’/Thzl/ - I/JF"(O)AM - I/JAM (64)
QkB o QAMMpairkB - 87T/€B o 2]()3

4This arises because the energy penalty associated with separating a skyrmion and antiskyrmion in the opposite
Chern sectors by a distance R scales as R? since it corresponds to the area of the region where the spins are not
perfectly anti-aligned

Tkt =
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3.4 Field theory for skyrmion condensation: CP! model

To derive a field theoretic description for skyrmion condensation, we consider energies below
the scale J where the charge e skyrmions are bound into charge 2e objects. In this limit, we
can restrict ourselves to pseudospin configurations n = ny = —n_ by integrating out the
antiferromagnetic fluctuations. This procedure is explained in detail in Refs. [28, 71] which
can be summarized here as follows. We start by parametrizing the ferromagnetic fluctuations
by writing n4+ = +n+y1— m?2 + m where m is assumed to be small and orthogonal to n.
Expanding the Lagrangian up to quadratic order in m yields

_h
24y

L[n] m - (n xn)+2Jm? + p(Vn)* + ?n - (Ozm x Oym) (65)
T

In the first term, we used the fact that the variation of the Berry phase term has a simple form

0Lp[n] = %571 - (n x n). We have also ignored gradients of m. Integrating out m yields °

e h?

L[n] = x(0m)? — p(Vn)?> + =—n - (9,n x Oym), X = m (66)

2

To study skyrmion condensation, it is useful to rewrite the Lagrangian (65) in the so-called
CP! representation. This representation relies on the observation that the sigma model tar-

get space is a 2-sphere which is isomorphic to the manifold CP! = S[}J((lz)). It is obtained by
introducing a two-component complex unit vector z and writing
n=z:0oz z=(21,22)7, Zz=1 (67)

This representation has a gauge redundancy corresponding to the overall phase of z since the
physical field m is unchanged under the gauge transformation z + e¢’z. The Lagrangian can
be written in a simple form by introducing

ay = —iz10,2 (68)

which transforms as a U(1) gauge field under the aforementioned gauge transformation. We
can then write the gradient terms in n as (9,n)? = 4/(9,, —ia,)z|*>. Furthermore, the skyrmion
charge turns out to be related to the flux of a via
1 1
bp=—-—mn-(Oymxyn)=-Vxa (69)
27 m
To write the final form of the theory, it is convenient to go to imaginary time and introduce

the velocity ¢ = /p/x as well as the dimensionless coupling g = 4\;\& where A = 1/y/Aj can

be interpreted as a momentum cutoff, where we have set & = 1. In addition, we introduce the
rescaled imaginary time variable r, = c¢7 leading to the action

S = /d‘n’rﬁ[,zga]7 Llz,a] = %K@M —da,)z|* + %ewmuaym (70)
Here, the greek indices go over z,y, 2. Note that the action is dimensionless since i was set to 1.
Here, we have generalized the term coupling to the chemical potential i to a general coupling
to a background gauge field A, with Ay o< p.

An important observation here is the following. Although the gauge field was introduced in
such a way that it is tied to the z field through Eq. 68, we can take it to be an independent
field. The reason is that the constraint (68) is anyway reproduced via the equations of motion
obtained from the Lagrangian (70) which take the form

20 2
o+ i210,2) 2i7fewaw4A =0 (71)

®Note here that since m - (n x 1) vanishes if m is parallel to 1, we can relax the condition n - m = 0 and instead
integrate over all m.
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which reproduces (68) for a time-independent and spatially constant background field A,. An-
other way to see this is to note that the flux of a, has to be accompanied with the winding of z
field to obtain a finite energy configuration which imposes the constraint (68) at long distance.

3.4.1 Phases of the CP! model

The main advantage of the CP! theory is that it maps the non-linear sigma model (65) to a
theory of complex bosons coupled to a gauge field which is much easier to analyze. Generally,
such a theory admits two phases: (i) an ordered phase where z has a finite expectation values
which Higgses the U(1) gauge field a and (ii) a disordered phase where z is gapped and a is
in the Coulomb phase. The ordered phase (i) is an insulator which can be seen by integrating
out the gapped field a yielding a Maxwell term ~ %(GHM&,AAV which is describes an
insulating dielectric. The pseudospin order parameter has a finite expectation value given by
(n) = (2)a(z). The disordered phase (ii) is a superconductor. This can be seen by first
integrating out the gapped variable z which gives a Maxwell term for a [75, 76, 77]. The
resulting Lagrangian has the form

L= 5 (unduar) + CeunAud,an (72)
which is dual to a theory of complex boson coupled to the background field with charge 2e
i.e. a superconductor. This is established by defining the current J, = %ew)\&,a}\ which is
manifestly conserved i.e. d,J,, = 0. The current conservation can be enforced in the field theory
by including the integral representation of the delta function implemented by adding the term
i$0,,J, to the Lagrangian where the field ¢ is an integration variable. Integrating out J,, yields
L= %500 — 2@A#)2 which describes a superconductor with superfluid stiffness psc = 5%.

Let us note the following. Although the z variables are gapped inside the superconducting
phases, (z) = 0, this does not necessarily imply the absence of pseudospin order which is
described instead by the order parameter (n) = (zToz). In fact, we do not expect the skyrmion
condensation to destroy the pseudospin order since a skyrmion with finite size only alters the
spin in a finite region of space. Within the CP! theory, this can be understood as follows. The
skyrmion creation operator can be identified with the operator which creates a 27 flux of the
a field which corresponds to a monopole operator. To obtained a finite energy excitation, such
27 flux has to be associated with a vortex in both z; and z, where the phase of each rotates by
27 at infinity. The proliferation of such vortices disordered the phases of both z; and 2o leading
to (z1,2) = 0, but not the phase of z}z; for ¢, j = 1,2. Thus, the superconductor obtained by
skyrmion condensation is compatible with a finite pseudospin order (n) # 0.

3.4.2 Large N analysis

In order to achieve a more quantitative understanding of the phase diagram, we will employ
a large N approximation by promoting the CP! variable z = (z1,29) to a CPY~! variable
2= (21,...,2n) satisfying 2Tz = N — 1. We note that, as pointed out in the previous section,
we can take the gauge field a, to be independent of z. In addition, we can enforce the constraint
by using the integral representation of the delta function by adding ix(z7z — (N — 1)) to the
Lagrangian leading to

N
C:A{sz(—D2+A2)zl—A2(N—1)}, A2:m%, D, =0, —ia,  (73)
=1

We then proceed to integrate out the variables z9 to z and rescaling the variable z; by v N — 1
leading to the Lagrangian

S=(N-1) {tr In(—D? + A?) + % /d3r[zi‘(7D2 + A%z — Az]} (74)
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which enables us to evaluate the path integral using the saddle point approximation. The saddle
point equations relative to A and z; take the form ©

A

1
(=D? + A?)z, =0, E(\zl|2 —1)=Gp(A) =

tr AT (75)

We can first consider the case when the chemical potential is sufficiently small (compared to the
gap to adding charge 2e skyrmions) such that there is no skyrmions in the system. Since the
skyrmions are associated with the flux of a, we can choose a = 0 leading to the simplification
[75, 76, 77

A Pk 1 1 1

(VP HAa =0, C(1-fal)= / o {k?) | — A 1a) (1
Here, we have introduced a Pauli-Villars regularizer for the momentum integral in Gy. There
are two possible solutions to the first equation: (i) z; = 0 or (ii) A =0, 2; is a constant. The
first solution leads to |A] = A(1 — 47w /g) which can only be realized for g > 4m, whereas the
second solution leads to |z1| = 1 — g/4mw which can only be realized for g < 47 since |z1| < 1.
Thus, the theory has two phases depending on the value of g. For g < 4m, the spin is ordered
since |z1| # 0 which Higgses a and leads to an insulating phase. For g > 4, the z variables are
gapped and we can expand the action (74) to the next order in the field a leading to a Maxwell

term [75, 76, 77] as discussed earlier (cf. Eq. 72) with £ = 2m|a| leading to the superfluid

N i
. 6]A
stiffness psc = ££5 = 7|erc

To see what happens when skyrmion are introduced into the system via doping, we consider
saddle points characterized by a finite and constant value of V x a which is related to the filling

VT

vvia V xa= g% The saddle point equations have the same form as in Eq. 75 with Go(A)

given by [28] ,
A v 11 A 11 1
G°<A>4\/;{<<2’2+2m2> <<2’2+2m)} (77)

where ¢ is the Hurwitz zeta function. At small doping v < 1, we can solve this equation
perturbatively to get [28]

A? = A? [—m/ + %921/2 + 0(1/3)} (78)

which is valid for g < 47. Working in the small doping limit, we can again expand the saddle
point action in deviations of a from its background value to get a Maxwell term as in Eq. 72

247/ A2+t A2
N

with k = which upon substituting in (78) yields

KC 3gcvA B 3A%p B 3JApY .7 B 3JAyv
472~ 2N 8rmxN  aN ' BET ™ kN

psc = (79)
This expression for TggT has the same dependence on J and v as the one obtained from the
skyrmion effective mass in Eq. 64. If we substitute with N = 2, we get TgxT = 3&‘22’4 Y which is
larger by a factor of 3/2. This is not surprising since a large N calculation is not expected to

be quantitatively accurate for N = 2.

3.4.3 Numerical evidence

Compelling numerical evidence for a skyrmion mechanism for superconductivity in a model of
antiferromagnetically coupled quantum Hall ferromagnets was recently obtained in a numerical
DMRG study by Chatterjee et. al. [71]. In this work the Chern bands of TBG are approximated
by lowest Landau levels in opposite magnetic fields. This can be partially motivated by the

Sthere is also a saddle point equation relative to a, that does not play a significant role in our analysis so will be
omitted
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discussion of Sec. 1 which showed that the chiral model of TBG shares not only the topology of
the lowest Landau level but also its band geometry.

The main result of this work can be summarized as follows. First, the nature of the charged
excitations in the insulator were determined as a function of the antiferromagnetic coupling J
and the SU(2)-breaking anisotropy parameter A where A > 0 (A < 0) denote easy-plane (easy-
axis) anisotropy.As discussed earlier, chiral TBG corresponds to A = 0 while the realistic model
corresponds to the easy-plane case A > 0. Both field theoretical calculations of topological
textures and DMRG numerics were utilized to find the range of J, A where charge 2e skyrmions
are the lowest energy charge excitations. This is one indicator of superconductivity . The other,
more direct indicator is from the direct measurement of pair correlation functions at small
but finite doping. The two were found to be broadly consistent with each other and give the
following phase boundaries for superconductivity. The main observation is that in the SU(2)
limit, superconductivity is stablized no matter how small J is (in units of the Coulomb scale)
consistent with the analysis of Secs. 3.3 and 3.4. Furthermore, superconductivity remains robust
for easy plane anisotropy for A < A\, ~ J but is fragile in the opposite limit, i.e. in the presence of
easy-axis anisotropy. Finally, an independent computation of the binding energy of the charge
2e skyrmions from the non-linear sigma model shows that the region in the phase diagram
where the 2e bound state is stable roughly coincides with the region where superconductivity is
stabilized at finite doping, thereby providing strong evidence for its skyrmion origin. It should
be noted however that here the Berry curvature inhomogeneity and deviations from the ideal
band geometry are neglected, which can have important implications for the physics of TBG
[66]. Nevertheless, this numerical study shows that the skyrmion mechanism is a viable and
internally consistent theory of superconductivity, and magic angle graphene does incorporate
its key requirements. We also point the reader to two other works that may be of interest in
this context [78, 79].

4 Multilayer generalizations: alternating twist multilayer
graphene

In this section, we discuss a multilayer generalization of TBG with an alternating twist,
introduced in Ref. [33]. These multilayer systems turned out to have very similar properties
to twisted bilayer graphene both in the chiral and non-chiral limits and retains most of its
important symmetries, particularly Cy7 .

The alternating twist multilayer graphene (ATMG) is defined by stacking n graphene layers
such that the relative twist angle between layers have equal magnitude by alternating signs i.e.
0, = (-1)'6/2,1=1,...,n. In general, this generates n — 1 Moiré patterns which have the same
wavelength but may be displaced relative to each other. We restrict ourselves to the case where
such relative displacements vanish causing these Moiré patterns to align. This configuration was
shown in Ref. [80] to be the energetically most stable configuration for n = 3 and this conclusion
is likely to hold for general n. In the following, we will always assume the case where the Moiré
patterns are all aligned.

The Hamiltonian for ATMG with n layers for a single flavor (single spin-valley) is given by

—vpoy -V T(r) 0 0
TT(r) —tvpo_ -V T (r) 0 o
H(r)= 0 T(r) —ivpoy -V T(r) (80)
0 0 T (r) —vpo_ -V
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where o1 = eX5972g¢F599 and T(r) is given by
3
_ wOUO(r) wilh (T) _ 2rim(n—1) ,—iq,, T
T(r)= ( WU (=) wolo(r) ) Upn(r) = T;e 3 e ; (81)
0
q, = ZICD sin <2) RQﬂ(n—l) (0, 71) (82)
3
where Ry denotes counter clockwise rotation by ¢ and kp = 3 \/%ch.

A remarkable result proved in Ref. [33] is that the Hamiltonian (80) maps to m copies
of TBG with rescaled tunneling matrices T for n = 2m and to m copies of TBG (also with
rescaled tunneling matrices T') in addition to a single Dirac cone for n = 2m + 1. To establish
this mapping, we follow Ref. [33] and perform the transformation H = PT HP with P defined

as
[n/2] [n/2]

P = Z 0ok, [n/2]+k + Z 02k—1,k (83)
k=1 k=1

This transformation simply relabels the layers such that the Hamiltonian has a block matrix
structure in the even-odd layer index
(84)

- pTHP— ( —wpoy -V T(r)@W ),

Ty oWl —ivpe_ -V

with W being an [n/2] x |n/2] describing the structure of the tunneling between layers. Since
tunneling only takes place between nearest neighboring layers, W has the simple form W;; =
0;,; + 0; j+1. The mapping can be established by writing the singular value decomposition for
W = AABT which implies that

/ At 0 ~( A 0 —vpoy -V T(r)®A

HZ( 0 BT>H<0 B>:<TT(7-)®AT —ivpa_-V> (85)
Here, A is a diagonal matrix with eigenvalues Ay, = 2 cos n”—fl where k =1,...,|n/2]. For even n,
this means that the Hamiltonian H' decomposes into a sum of n/2 TBG Hamiltonians with the
tunneling T'(r) rescaled by Ag. For odd n, the matrix A is a rectangular (n —1)/2 x (n+1)/2
matrix. As a result, the Hamiltonian H' reduces to (n — 1)/2 TBG Hamiltonians with the
tunneling T'(7) rescaled by A in addition to a single Dirac cone that is decoupled from the rest
of the system. The general unitary matrix which maps H to a decoupled sum of TBGs possibly
in addition to a Dirac cone has the explicit form

Hyee = VIHV, V:P(A 0 )PT (86)
0 B

The different TBG systems can be approximately understood as corresponding to different

momenta along the z direction with the subtlety that there is no true translation in the vertical

direction due to the absence of periodic boundary condition (since the topmost and bottom

layers are not connected by tunneling).

4.1 Trilayer n =3

The simplest example of ATMG corresponds to the trilayer case with n = 3. The Hamiltonian
for this case is given explicitly by

—tvpoy -V T(r) 0
H(r) = Tt (r) —ivpo_ -V Tt (r) (87)
0 T(r) —ivpoy -V
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The matrix P given explicitly by

100 . —ivpoy4 -V 0 T(r)
P=|001)| = H=P'HP= 0 —ivpo, -V T(r) (88)
010 Ti(r) T (r) —ivpo_ -V

The tunneling matrix W and its singular value decomposition W = AABT are given by

W:(}),:A:\}i(i _11),A:(\(/)§>,B:1 (89)

Combining these two, we can construct the unitary matrix V' which decouples H given explicitly
by

19 -1
V:P(A O)PT: {)5 1 oﬁ (90)
0 B 1o L
V2 vz
—ivpoy -V V2T (r) 0
—  Hygee=V'HV = V2Tt(r)  —ivpo_ -V 0 (91)
0 0 —tvpo4 -V

The mapping can be simply understood in terms by noting that the TBG blocks consists of
the middle layer and the bonding combination of the top and bottom layers whereas the single
Dirac cone consists of the anti-bonding combination. The rescaling of the interlayer tunneling
by v/2 means that the magic angles of the trilayer system are larger by a factor of v/2 compared
to TBG magic angles. In particular, the first magic angle is 6 ~ 1.5°.

4.2 Tetralayer n =4

We can similarly work out the Hamiltonian for the tetralayer case n = 4. The Hamiltonian for
this case is given explicitly by

—ivpoy -V T(r) 0 0
B T (r) —ivpo_ -V T (r) 0
H(r)= 0 T(r)  —ivpos -V T(r) (92)
0 0 T (r) —ijvpo_ -V
The matrix P given explicitly by
1 0 00
0 01 0
P= 01 00 (93)
0 0 01

The tunneling matrix W and its singular value decomposition W = AAB' are given by

10 3—p /249 o 0 /24  _ [3—¢
— _ 5 5 _ _ 5 5
W_( 1 1 ) = A= 2+ 3—¢ ’A_< 0 1/(p>7B_ 3—¢p 24
5 5 5 5
(94)

29



1+v5
2

where ¢ is the golden ratio ¢ = . The decoupling matrix V is

3— 2+
L Vi o 0
0 2t 0 _ /3=
V= — ’ — ’ (95)
5 0 5 0
0 VE 0
—vpo4 -V T (r) 0 0
T (r) —vpo_ -V 0 0
_ it _ ¥ F
— Hdec =V'HV = 0 0 —’iUFU+ .V éT(’I‘) (96)
0 0 iTT(r) —ivpo_ -V

Thus, the tetralayer system maps to a pair of TBGs whose interlayer tunneling is scaled by ¢
and 1/¢. This yields two sequences of magic angles obtained from TBG magic angles either by
multiplying or dividing by the golden ratio ¢ [33]. This mapping can also be understood in terms
of bonding and antibonding orbitals as follows. The first TBG (with T rescaled by ¢) is built
using the bonding orbitals between the first and third (layer 1) and second and fourth (layer
2) whereas the second TBG (with T rescaled by 1/¢) is built using the antibonding orbitals
between the first and third (as layer 1) and second and fourth (as layer 2).

5 Discussion and Conclusions

In his 1977 Nobel Lecture, Phil Anderson observes:

The art of model-building is the exclusion of real but irrelevant parts of the problem,
and entails hazards for the builder and the reader.

In keeping with this spirit, we note that our perspective on magic angle graphene effectively
begins by approaching the problem from the chiral limit, although several realistic features are
subsequently included. In this limit, the flat bands take the form of zero modes of a Dirac
operator, which can be analytically obtained. Further, not just the single particle states but
even the interacting ground state at certain integer fillings can be reliably found in this limit,
which are insulators with a generalized flavor order. The topology of the bands ensures the flavor
order and the charge physics are inter-related. This has implications for finite doping, and we
discussed a plausible topological mechanism for superconductivity. Other states at fractional
filling, notably fractional Chern insulators, are also potentially stabilized due to the special
band geometry of the flat bands that resemble that of the lowest Landau level. We believe this
viewpoint broadly captures the observed physics and makes predictions for future experiment.
At the same time, let us mention some of the complexities that have been left out. First,
although tunneling between opposite Chern bands is retained, which is a significant source of
dispersion, the intra-Chern band dispersion is neglected. Second, the potentially important role
of moire lattice strain, as well as of phonons was not discussed. These and other approximations
(such as anisotropies in the sigma model) could alter the energetics of charge carriers, i.e. the
competition between charge 2e skyrmions and electrons. For small doping, charge could be
added as electrons/holes, and only later intersect the 2e-skyrmion energy. Developing a theory
of such Fermi-Bose models will be an interesting and important task for the future, related to
the quest for a weak coupling version of the same pairing mechanism.

Another important direction is to design experimental probes to identify subtle flavor orders
(such as intervally coherence, in particular K-IVC, featuring spatially modulated currents) which
would be instrumental in both detecting such order in insulators, and tracking their evolution
on doping. One route to identifying the flavor ordered state is by detecting the collective modes
associated with the ground state [66]. These modes can serve as a fingerprint of the flavor order
and also help pin down key parameters like the flavor stiffness, and anisotropies, J and .
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A Symmetries of the chiral model

The main feature of the chiral TBG Hamiltonian is the presence of a chiral or sublattice sym-
metry which anticommutes with the single-particle Hamiltonian {o,, H} = 0. In addition,
weak-spin orbit coupling in graphene implies that H is invariant under SU(2) spin rotations,
i.e. H x sg. The large momentum separation between the graphene valleys leads to valley
decoupling at low energies relevant to TBG physics which implies independent spin and charge
conservation in each valley i.e. H is diagonal in the valley index 7,. The two valley are related
by spinless time-reversal symmetry which is implemented as 7 = 7, with K denoting complex
conjugation, such that Hg: (k) = Hg(—k)*. The single particle Hamiltonian is also invariant
under two-fold rotation symmetry which flips sublattice and valley Cy = o0,7,. The combi-
nation of the two Cy7T = 0,K leaves the valley index invariant and relates the two sublattice
wavefunctions at the same momentum k.

A more subtle symmetry of the chiral TBG Hamiltonian is a particle-hole symmetry H(—k)* =
pyooH(K)pyo, where p denote the Pauli matrices in layer space [81, 82]. On the level of
the single-particle Hamiltonian this is an antiunitary anticommuting symmetry given by P =
iy 0K whereas in second quantized language, this is a unitary particle-hole symmetry acting
as

PP = pyounfl,, PP =i (97)

where f denotes the annihilation operators for microscopic electrons. In addition to the sub-
lattice, valley, and spin indices, these electrons also carry a layer index.

Since the chiral symmetry o, is anticommuting and unitary ( anti-unitary particle-hole in
second quantization), 7 is commuting and anti-unitary (anti-unitary in second quantization),
and P is anti-commuting and anti-unitary (unitary particle-hole in second quantization), their
product R = i0,PT = 7,04y is & Zo unitary commuting symmetry. This extra “hidden”
symmetry relates different valley, sublattice and layer indices and leads to enhanced symmetry
of the interacting problem as we will see below.

A.1 Symmetries and the Form Factor

Let us now see how that symmetries restrict the structure of the form factor A4(k). Due to the
SU(2) spin rotation symmetry, the spin index does not play any role in the following discussion so
it can be dropped. This essentially corresponds to considering a spinless version of the problem.
In the following, we will write out the flat band index « in terms of the sublattice-valley indices
o and 7. We note that sublattice symmetry implies that Ag4(k) is diagonal in the sublattice
index since

uB,T,k’> = 0 (98)
where we used o.|ug,/p k) = £|ua/p k). In addition, valley symmetry implies that Aq(k)
is also diagonal in valley. We now note that since R symmetry flips both valley and sublattice,
we have

(uarkluprr) = (Warplo|up - p) = —(uark

Rugre = €7 u_g 1, (99)

for some phase ¢, . Since we are free to choose the gauge independently in the two valleys
T ==+ = K/K' and sublattices 0 = + = A/B, we can set ¢, to 0 by fixing the gauge e.g. in
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valley K’ relative to K. This means that we can choose the action of R on the flat bands to be
04Tx . Similarly, we can deduce the representation of CoT on the flat bands by noting that it
flips sublattice but not momentum

CZTUO',TJC = eznovﬂkuia,'r,kz (]‘00)

The phase factors 7, - 1 are not completely free since we want to preserve the relation Co T RCoT =
—R satisfied by the microscopic operators which implies that 17_, -k = 15,k + 7. Otherwise,
we have the freedom to choose the relative phase between the wavefunctions in sublattices A and
B such that 74,k x = 7B,k,k = 0 which implies 4, k' r = 7B,x’k = 7. This means that Cy7T
acts as 0,7,K in the flat band basis. Note that the action of any of the remaining symmetries,
e.g. T or Cy, on the flat band will contain extra phase factors that cannot be removed. In
particular, it can be shown that the band topology enforces a non-trivial phase factors for Co
symmetry [37].

Using Eq. 99, we can relate the diagonal entries of the form factor between o, 7 and —o, —7

<UO’,T,k‘uU,T,k+q> = <uo,7,k|R2|ua,T,k+q> = <u,0’,7-7k|’u,70-7,7-1k+q>, (101)

This can be used to relate the form factors in opposite valleys at the same momentum. In
addition, we can use Eq. 100 to related the form factors within the same valley for the two
sublattices leading to

(OQT)2|UU,T,k+q> = <U—U,T,k|u—omk+q>* (102)

<u0mk |u0mk+q> = <u0,7',k=

Thus, the diagonal entries of the form factor are related by complex conjugation upon exchanging
sublattice or valley but remain the same under exchanging both. This leads to the following
simple form of the form factor matrix

Ag(k) = Fq(k)ei%(k)nﬂz (103)

where Fy(k) and ®4(k) are scalars. Note that the form factor of a given flat band only depends
on the combination ¢,7, which corresponds to the Chern number. This flips under exchanging
sublattice (under Cy7 symmetry), or valley (under 7)) but remains invariant under flipping both
(under Cy symmetry).

A.2 Symmetries and the Kinetic Term

Different symmetries restrict the form of the single particle term h(k). Our main assumption
is that, although its value may be renormalized by interactions, it has the same symmetries as
the projected chiral BM Hamiltonian (37). First, we can again use spin and valley symmetries
to deduce h(k) is proportional to sy and diagonal in valley index. For a single valley, h(k) is
stricly off-diagonal in sublattice index since:

<uU,T,k|HBM(k)‘uU,T,k> = _<ua,7,k|UzHBM(k)Uz|uc7,‘r,k> = _<u0',T,k|HBM(k)|ua',T,k> =0 (104)

This means that the matrix h(k) can only contain the terms o, 0y, 0,7, and o,7,. We can use
the R symmetry to restrict this form further using

<UU,T,k‘HBM(k)|U(7/,T/,k> = <urT,T,k|RHBM(k)R|ua'/,T/,k> = <u—a,—7',k|HBM(k)|u—z7’,—T’,k> (105)

which implies that h(k) commutes with 0,7, excluding the terms o, and o,7,. This leads to
the form
h(k) = hy(k)og + hy(k)oy, T, (106)

"Note that this gauge choise is slightly different from the one used in Ref. [37]
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A.3 Deviations from the chiral limit

Let us now consider what happens when we deviate from the chiral limit wy = 0. In this case,
chiral symmetry is broken which means that the unitary symmetry R is also broken. As a result,
we do not expect the form factors to be diagonal in the sublattice index since the wavefunctions
are no longer completely sublattice polarized. We can still use valley and spin symmetries to
show that the form factor is diagonal in valley and proportional to the identity in spin space.
To restrict the form factor further, we note that the particle-hole symmetry P remains a
symmetry to a good approximation provided we assume the angle is small 8. We note that
the product of P and T anticommutes with the single particle Hamiltonian which means that
the action of PT = py7,0, maps positive energy states to negative energy states at the same
momentum k. As a result, it leave the space of flat bands invariant and we can write

PTUU,T,IQ = eiWG’T’ku—U,—T,k (107)

To be compatible with the gauge choice in Appendix A.1, we choose the gauge such that PT =
i0, R = 0,7, which implies that the form factor satisfies 0,7, Aq(k)oy7w = Aq(k). This restricts
the form factor to the terms 1yo¢, and 7.0, .. In addition, we can use C27T (cf. Eq. 100) to get

(Uo7 ko’ 7 ktq) = (Uorkl(CaT)?|to rktq) = (U—ork|U—or rktq)” (108)

which yields Ag(k) = 0,Aq(k)*0, which implies that the coefficients of ryo¢, 190, and 7.0, are
real while the coefficient of 7,0, is imaginary leading to the form

Ag(k) = Fy(k)ei®a®o=m= o 7 F, (k)eita(R)o=T (109)

Compared to Eq. 103, there is an extra sublattice off-diagonal term which is only non-vanishing
away from the chiral limit.

B Perturbative correction to energy due to single-particle
disperison h

To compute the perturbative correction to energy due to single-particle disperison h, we write
AE = J(ny-n_—1) and take ny. = —n_ = 2. We see that the contribution from the tunneling
AF is equal to twice the contribution from tunneling connecting a single fully filled Chern band
to a single fully empty band in the opposite Chern sector. This means we can restrict ourselves
to a pair of tunnel-coupled opposite Chern bands and just multiply the result by 2 . For
definiteness, we take the positive Chern band to be fully filled and the negative Chern band to
be fully empty such that the total number of electrons in the + band is N = N and N_ = 0.
The single particle “tunneling” term has the form

h=> cih(k)cx =Y cl lha(k) —ihy(k)c_k + h.c. (110)
k k

where ¢, = (¢4 k,c— k) is a 2-component vector with annihilation operators in the £ Chern

band. h does not conserve the particle number in each Chern sector separately. Acting with in
on a state with (N4, N_) = (N, 0) yields a state with (N4, N_) = (N — 1,1) with an electron
hole pair at some momentum k which can be written as

k) = er k| Wo) (111)

8it is only a symmetry if we ignore the angular rotation in the Pauli matrices in Eq. 3 which is equivalent to the
replacemntsuch that 049/ — o

9the factor of 2 cancels out due to our definition of J with AE = —2J such that the absolute value of the result
is precisely J
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The interacting part of the Hamiltonian conserves momentum and Chern number so it maps the
state |Ug) to a state | ¥y ) and it determines the energy spectrum of the particle-hole excitations.
As a result, the second order correction to the energy can be written as
1 . 1 .
— 2 lha(k) +ihy (K)][Henly, o [ho () — ihy ()], (112)
kK’

AFE =

with Hep given by [37]

1 1 )
[Heh}k,k’ = 24 Z Vq<\11k|5pq5p—q|‘1/k’> = A Z Vqu(k)Q[ak,k’ - 5k’,[k+q]e2@q<k)] (113)
q q

where [g] denotes the part of g within the first Moiré Brillouin zone.
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