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Quantum Phases of Ma/er 

• Landau Orders • topological Phases

In many cases the distinguishing feature: 
Spontaneous Symmetry Breaking => Landau order parameter.
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Integer Quantum Hall States

• Different Integers `n’ - different 
phases but same symmetry - 
topological distinction.
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FIG. 2. (a) Energy band and the density of states of TBG
at θ = 1.05◦, where the lower panel is the enlarged plot of the
zero-energy region. The black solid line and red dashed line
represent the energy bands of ξ = ± valleys, respectively. (b)
Contour plots of E1(k) and E2(k) for the valley ξ = +. The
dashed contour corresponds to the filling of two electrons /
holes per super cell (n/n0 = ±2).

for the basis of (A1, B1, A2, B2) as

H(ξ) =

(

H1 U †

U H2

)

. (1)

Here Hl(l = 1, 2) is the intralayer Hamiltonian of layer
l, which is given by the two-dimensional Weyl equation
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where ± is for l = 1 and 2, respectively. We take !v/a =
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where ω = e2πi/3. Here u and u′ describe the amplitudes
of diagonal and off-diagonal terms, respectively, in the
sublattice space. The effective models in the previous
studies34–36 assume u = u′, which corresponds to a flat
TBG in which the interlayer spacing d is constant ev-
erywhere. On the other hand, several theoretical studies
predicted that the optimized lattice structure of TBG is
actually corrugated in the out-of-plane direction, in such
a way that d is the widest in AA stacking region and
the narrowest AB / BA stacking region.41–44 Here we in-
corporate the corrugation effect as a difference between
u = 0.0797eV and u′ = 0.0975eV in the effective model,
of which detailed derivation is presented in the Appendix
A. As we show in the following, the difference between u
and u′ introduces energy gaps between the lowest bands
and the excited bands, in a qualitative agreement with
the experimental observation.1,2,37 It was found that the
energy gaps isolating the lowest nearly-flat bands are also
caused by the in-plane distortion.38

The calculation of the energy bands and the eigenstates
is done in the k-space picture. For a single Bloch vector
k in the moiré Brillouin zone, the moiré interlayer cou-
pling hybridizes the graphene’s eigenstates at q = k+G,
where G = m1G

M
1 +m2G

M
2 and m1 and m2 are integers.

Therefore the eigenstate is written as

ψX
nk(r) =

∑

G

CX
nk(G)ei(k+G)·r, (4)

where X = A1, B1, A2, B2 is the sublattice index, n is
the band index and k is the Bloch wave vector in the
moiré Brillouin zone. As the low-energy states are ex-
pected to be dominated by the individual graphenes’
eigenstates near the original Dirac points, we pick up
q’s inside the cut-off circle |q − q0| < qc, where q0 is

taken as the midpoint between K
(1)
ξ and K

(2)
ξ , and qc is

set to 4GM (GM = |GM
1 | = |GM

2 |). Since the intervalley
coupling can be neglected, the calculation is done inde-
pendently for each of ξ = ± as we discussed previously.
We then numerically diagonalize the Hamiltonian within
the limited wave space inside the cut-off circle and obtain
the eigenenergies and eigenstates.
Figure 2(a) shows the energy band and the density of

states of TBG at the magic angle θ = 1.05◦, calculated
by this approach. Here in the following, the origin of
band energy axis is set to the charge neutral point. The
lower panel is the enlarged plot of the zero-energy region
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at θ = 1.05◦, where the lower panel is the enlarged plot of the
zero-energy region. The black solid line and red dashed line
represent the energy bands of ξ = ± valleys, respectively. (b)
Contour plots of E1(k) and E2(k) for the valley ξ = +. The
dashed contour corresponds to the filling of two electrons /
holes per super cell (n/n0 = ±2).
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1. Flat Bands



Monolayer



Graphene band structure

• Time reversal     and two-fold rotation      exchanges  and  
•         leaves momentum invariant → no gap at the Dirac points.

𝐾 𝐾’8

A B

Two valleys K, K’



MonolayerBilayerTwisted Bilayer



Continuum model
• Larger unit cell→ smaller BZone 
• Bistrizer-Macdonald (BM) model 

(2011) 

• Moire “potential” 

• Lattice relaxation: AB stacking 
favored to AA stacking (Carr et 
al. 2019, Nam, Koshino 2017)
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derived, if it is known at one point in the Brillouin
Zone. An interesting mathematical aspect here is that
the wave function ratios are constructed from meromor-
phic doubly-periodic functions that are ratios of theta
functions, similar to those appearing in the Quantum
Hall E↵ect on the torus [44]. The CS-CM has a single
coupling constant ↵ = w1/(2v0kD sin(✓/2)) where v0

and kD are the bare velocity and crystal momentum
of graphene’s Dirac fermions. We show that pertur-
bation theory to high orders (up to ↵

8) matches with
numerical results very accurately near the first magic
angle. The sequence of magic angles that we find ↵ =
0.586, 2.221, 3.751, 5.276, 6.795, 8.313, 9.829, 11.345,...
reveals a remarkable asymptotic quasi-periodicity of
�↵ ' 3/2. Comparing with the reported magic angles
for the BM-CM, we see significant di↵erences except for
the first magic angle, see Table I. We finally turn on the
AA-coupling and study numerically how the bandwidth
and gap evolves and discuss the possibility of studying
the second magic angle in experiments.

Continuum model for Twisted Bilayer Graphene. The
continuum model describing a single valley of TBG con-
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FIG. 1. Absolutely flat bands in continuum TBG Hamiltonian
(1) with w0 = 0 : in this model, the absolutely flat band ap-
pears at exact values of magic angles ↵ = 0.586, 2.221, 3.751,
etc, where ↵ = w1/(v0k✓). Energy is given in dimensionless
units " = ↵(E/w1). On subfigures (a-c), the band is numer-
ically flat up to accuracy 10�16. (d) Moiré Brillouin Zone.
(e-f): The bandwidth for the lowest two bands vs ↵. The
band width drops to exact zero at the set of magic angles. At
the same points, we observe the maxima of the band gap.

TABLE I. Comparison of magic angles in continuum model
with w0 = 0 (first row) and with w0 = w1 (second row). Only
the first magic angles correspond.

↵1 ↵2 ↵3 ↵4 ↵5

CS-CM (here) 0.586 2.221 3.75 5.28 6.80

BM-CM (Ref. [35]) 0.606 1.27 1.82 2.65 3.18

siders two layers of graphene described by an e↵ective
Dirac fields near K,K

0 points of the moire (mini) Bril-
louin Zone, each rotated by an angle ±✓/2, and coupled
through a Moiré potential T (r) [3, 14, 35, 39]:

H =

 
�iv0�✓/2r T (r)

T
†(r) �iv0��✓/2r

!
, (1)

where �✓/2 = e
� i✓

4 �z (�x,�y)e
i✓
4 �z , r = (@x, @y) and

T (r) =
3X

j=1

Tje
�iqjr (2)

with q1 = k✓(0,�1), q2,3 = k✓(±
p
3/2, 1/2) and

Tj+1 = w0�0 + w1

�
cos(�j)�x + sin(�j)�y

�
, (3)

where � = 2⇡/3, k✓ = 2kD sin(✓/2) is the Moiré mod-
ulation vector and kD = 4⇡/(3a0) is the magnitude of
the Dirac wave vector, where a0 is the lattice constant
of monolayer graphene. The Hamiltonian (1) acts on the
spinor �(r) = ( 1,�1, 2,�2)T and the indices 1, 2 rep-
resent the graphene layer. Here w0 is responsible for the
AA coupling and w1 is for AB and AB couplings.

Chirally symmetric continuum model. In this Letter,
we study a model obtained from Hamiltonian (1) by set-
ting w0 = 0 [45]. Note, one can rotate the spinors to
eliminate the rotation in the kinetic terms �±✓/2 ! � in
the absence of the w0 term. The dimensionless Hamilto-
nian now acts on a spinor �(r) = ( 1, 2,�1,�2)T, and
can be compactly written in the form

H =

 
0 D

⇤(�r)

D(r) 0

!
, D(r) =

 
�2i@̄ ↵U(r)

↵U(�r) �2i@̄

!
,

(4)

where @̄ = 1
2 (@x + i@y) and U(r) = e

�iq1r + e
i�
e
�iq2r +

e
�i�

e
�iq3r. The Hamiltonian H has only one dimension-

less parameter ↵ = w1/(v0k✓) which fully controls the
physics of the system. A similar idea of switching o↵
the parameter w0 was investigated in Ref.[43]. It was ar-
gued there that the Hamiltonian (4) can be represented
as H = �(�ir + ↵A) and viewed as the Hamiltonian
for Dirac fermions propagating in a background SU(2)
non-Abelian field A.
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FIG. 1. Absolutely flat bands in continuum TBG Hamiltonian
(1) with w0 = 0 : in this model, the absolutely flat band ap-
pears at exact values of magic angles ↵ = 0.586, 2.221, 3.751,
etc, where ↵ = w1/(v0k✓). Energy is given in dimensionless
units " = ↵(E/w1). On subfigures (a-c), the band is numer-
ically flat up to accuracy 10�16. (d) Moiré Brillouin Zone.
(e-f): The bandwidth for the lowest two bands vs ↵. The
band width drops to exact zero at the set of magic angles. At
the same points, we observe the maxima of the band gap.
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FIG. 1. Absolutely flat bands in continuum TBG Hamiltonian
(1) with w0 = 0 : in this model, the absolutely flat band ap-
pears at exact values of magic angles ↵ = 0.586, 2.221, 3.751,
etc, where ↵ = w1/(v0k✓). Energy is given in dimensionless
units " = ↵(E/w1). On subfigures (a-c), the band is numer-
ically flat up to accuracy 10�16. (d) Moiré Brillouin Zone.
(e-f): The bandwidth for the lowest two bands vs ↵. The
band width drops to exact zero at the set of magic angles. At
the same points, we observe the maxima of the band gap.
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↵1 ↵2 ↵3 ↵4 ↵5

CS-CM (here) 0.586 2.221 3.75 5.28 6.80

BM-CM (Ref. [35]) 0.606 1.27 1.82 2.65 3.18

siders two layers of graphene described by an e↵ective
Dirac fields near K,K

0 points of the moire (mini) Bril-
louin Zone, each rotated by an angle ±✓/2, and coupled
through a Moiré potential T (r) [3, 14, 35, 39]:

H =
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where � = 2⇡/3, k✓ = 2kD sin(✓/2) is the Moiré mod-
ulation vector and kD = 4⇡/(3a0) is the magnitude of
the Dirac wave vector, where a0 is the lattice constant
of monolayer graphene. The Hamiltonian (1) acts on the
spinor �(r) = ( 1,�1, 2,�2)T and the indices 1, 2 rep-
resent the graphene layer. Here w0 is responsible for the
AA coupling and w1 is for AB and AB couplings.

Chirally symmetric continuum model. In this Letter,
we study a model obtained from Hamiltonian (1) by set-
ting w0 = 0 [45]. Note, one can rotate the spinors to
eliminate the rotation in the kinetic terms �±✓/2 ! � in
the absence of the w0 term. The dimensionless Hamilto-
nian now acts on a spinor �(r) = ( 1, 2,�1,�2)T, and
can be compactly written in the form
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e
�iq3r. The Hamiltonian H has only one dimension-

less parameter ↵ = w1/(v0k✓) which fully controls the
physics of the system. A similar idea of switching o↵
the parameter w0 was investigated in Ref.[43]. It was ar-
gued there that the Hamiltonian (4) can be represented
as H = �(�ir + ↵A) and viewed as the Hamiltonian
for Dirac fermions propagating in a background SU(2)
non-Abelian field A.
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FIG. 1. Absolutely flat bands in continuum TBG Hamiltonian
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pears at exact values of magic angles ↵ = 0.586, 2.221, 3.751,
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(e-f): The bandwidth for the lowest two bands vs ↵. The
band width drops to exact zero at the set of magic angles. At
the same points, we observe the maxima of the band gap.
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the absence of the w0 term. The dimensionless Hamilto-
nian now acts on a spinor �(r) = ( 1, 2,�1,�2)T, and
can be compactly written in the form

H =

 
0 D

⇤(�r)

D(r) 0

!
, D(r) =

 
�2i@̄ ↵U(r)

↵U(�r) �2i@̄

!
,

(4)

where @̄ = 1
2 (@x + i@y) and U(r) = e

�iq1r + e
i�
e
�iq2r +

e
�i�

e
�iq3r. The Hamiltonian H has only one dimension-

less parameter ↵ = w1/(v0k✓) which fully controls the
physics of the system. A similar idea of switching o↵
the parameter w0 was investigated in Ref.[43]. It was ar-
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I. MAGIC ANGLES
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CS-CM 0.586 2.221 3.75 5.28 6.80

BM-CM 0.606 1.27 1.82 2.65 3.18
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 Gives: 
perfectly flat bands at a series 

of magic angles.
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◆✓
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 B(r)

◆
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 K(r) to zeros of the renormalized Fermi velocity, we
notice that the Fermi velocity is proportional to an inte-
gral of motion of the operator D(r)[48]

v(↵) =  K,1(r) K,1(�r) +  K,2(r) K,2(�r) , (21)

where v(↵) does not depend on coordinates and from (8)
we see that vF (↵) ⇠ v(↵). Using that  K,2(±r0) = 0 we
find

vF (↵) ⇠  K,1(r0) K,1(�r0) . (22)

And one can see from the equations of motion near the
point r = �r0 that  K,1(�r0) can not be zero. Therefore
vF (↵) = 0 means that  K,1(r0) = 0 and vice versa. Thus
we finally obtain that vF (↵) = 0 implies the existence of
an absolutely flat band, whose wave functions are given
by (17).

The appearance of zeros in vF (↵) is not surprising,
since this is just a real function of a single parameter.
By varying this parameter one hopes that vF (↵) crosses
zero at some value of ↵. To check analytically that this
actually happens in our model near ↵1 ⇡ 0.586 we use
perturbation theory in ↵.

Perturbation theory in ↵. K point. One can analyze
the zero mode equation (5) using perturbation theory in
↵, namely the spinor  K(r) should have the form

 K(r) =

 
 K,1

 K,2

!
=

 
1 + ↵

2
u2 + ↵

4
u4 + . . .

↵u1 + ↵
3
u3 + . . .

!
.

(23)

In general we can find un(r) step by step to arbitrary
order in ↵. Limiting ourselves to the first lowest terms
we find

u1 = �i(eiq1r + e
iq2r + e

iq3r) ,

u2 =
i
p
3
e
�i�(e�ib1r + e

ib2r + e
i(b1�b2)r) + c.c. (24)

And perturbation formula for the renormalized Fermi ve-
locity reads

vF (↵) =
1� 3↵2 + ↵

4
�

111↵6

49 + 143↵8

294 + . . .

1 + 3↵2 + 2↵4 + 6↵6

7 + 107↵8

98 + . . .
. (25)

This expression gives for the first magic angle ↵1 ⇡ 0.587,
which is very close to the precise value ↵1 ⇡ 0.586.
Therefore the perturbation theory for small ↵ quanti-
tively explaining the appearance of ↵1. Note that up to
↵
2, vF ⇡ (1 � 3↵2)/(1 + 6↵2) was reported in a model

with w0 = w1 [35].
� point. In our notations the � point corresponds to

k = q1 in (6). The symmetries of the Hamiltonian (4)
imply that ��(r) = �↵�x �(r), where �↵ = ±1, more-
over one can also obtain that  �,2(r) = iµ↵ �,1(�r),
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FIG. 4. Band gap evolution in the flow from CS-CM (w0 = 0)
to BM-CM (w0 = w1) model. The first magic angle (red dots)
remains stable throughout all the region, ↵1 ⇡ 0.58, while
both the second magic angle (blue dots) and the correspond-
ing band gap experiences oscillations and discontinuities. The
numbers with the dotted lined signify the local values of an
approximate magic angle for the give w0/w1.

where µ↵ = ±1. Using the last equality and the equa-
tion (8) one immediately finds that the velocity at the
� point is exactly zero, which means that the � point is
the extremum for all bands. Finally using all symmetry
relations we find that the whole spectrum at the � point
is characterized by two equations

2@̄ �,1 ⌥ ↵U(r) �,1(�r) = "� �,1(�x, y) , (26)

where the ”�” captures all odd magic angles and ”+” all
even. One can study the equations (26) perturbatively
for small ↵ and find for the energy at the � point (which
equals to half-bandwidth [49])

"� = 1� 2↵+
↵
2

3
+

2↵3

9
+

5↵4

54
+ . . . , (27)

and the wave function

 �,1(r) = U(�r) +
↵

3
U(2r) +

↵
2

18

�
(2� e

i�)U(�
p

7R�r)

+ (2� e
�i�)U(�

p

7R��r)� 4U(2r)
�
+ . . . ,

(28)

where R�r is a counterclockwise rotation on angle � with
tan � =

p
3/5. We see that the equation (27) gives ↵1 ⇡

0.585. Thus both in terms of Fermi velocity at Dirac
point K and the badwidth (doubled energy at � point)
the perturbation theory converges to precise numerical
↵1 = 0.586.
Turning on w0. We turn on the w0 terms in the T (r)

matrix (3), but still neglect relative rotations in the ki-
netic terms �±✓/2 ! �. Then the dimensionless Hamil-
tonian has the form

Hw0 = H+ (w0/w1)�0 ⌦ V (r) , (29)
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Perturbation Theory:



Chiral Limit Wavefunctions
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Becker, Embree, Wittsten, Zworski `20

⌘(k) = ⌦(k)

Many special properties: 

(i) Chern number+ sublattice polarized


(ii) nearly uniform Berry curvature 


(iii) Ideal droplet condition - quantum metric is
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Interactions
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Form factor - wave functions of flat bands -plays a key role
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Correlated Insulators - Ideal Limit
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Generalized Flavor Ferromagnets 

Eslam Khalaf, Bul-nck, AV, Zaletel arxiv:2009.14827 
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Simplified Model - Spinless TBG

Density: ρ ≈ ρC=+1 + ρC=−1

U(2) U(2)

(Spinless Model)
 ν = ± 2Or
 No Dispersion & Chiral limit:

• Family of exact ground states  - generalized 
ferromagnets. Fill Chern Bands. 

Argument: 

Vq≥0 and 
δρq |Ψ⟩ = 0



Ground States of Ideal Model
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Ground States of Ideal Model

• Intervalley coherent (IVC) states break valley U(1): translation 
symmetry at graphene scale. 
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Effect of Dispersion & W0
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Hartree Fock & DMRG Numerics 
-Confirms This Picture

Q = σy (ΔRτx + ΔIτy)θ = 1.05o w0 = 80meV; w1 = 110meV; ϵ = 7

Competing state - nematic semimetal. 


Shang Liu et al.  arXiv:1905.07409

Kang& Vafek `19


Parker et al.  arXiv:2012.09885

Bultnick et al. arXiv:1911.02045
Kang and Vafek `19

K-IVC

Strain

https://arxiv.org/abs/1905.07409
https://arxiv.org/abs/2012.09885


U(1)valley spontaneously broken - 

Goldstone modes (lattice translation)


Kramers IVC - Properties
Q = σy (ΔRτx + ΔIτy)K-IVC

𝒯′ 2 = − 1

Involves opposite Chern number band

Nontrivial Z2 topology! 

“Spontaneous” topological insulator

(Topological “Mott” Insulator - Raghu, Qi, Honerkamp, Zhang)

Same symmetries as topological insulator 

*Chakravarty, Laughlin, Morr, Nayak.  Zhu, Aji, Varma.

Spontaneously breaks

Current pattern*

Edge states? Requires `smooth’ edge

E

K

v ∼ 104m/sec
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